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PREFACE. 



Ths applications of Mathematical Science, to the Mechanic Arts, 
have received special attention within the past few years ; and no 
system of instruction, in any department, is now complete, unless it 
extends beyond the theoretical and into the field of Practical 
Knowledge. 

Geometry, in its essence and structure, is more purely abstract 
than any other branch of science. In its logical structure, it is 
conversant only about space; and yet, the relations and principles 
I which it develops, afEord the only basis of the true Practical 

k To extend Geometry to some of its most interesting and useful 
i q[>pKcations, an Appendix has been prepared and added to Legendre, 
embracing many Problems of Geometrical construction, and many 
:.applications of Algebra to Geometry : the whole being designed to 
[.explain and illustrate the methods of making Geometry a practical as 
ell as a theoretical science. 

It would be unjust to those giving instruction, to add to their 
daily labors, the additional one, of finding appropriate solutions to so 
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many difficult problems: hence, a Key lias been made for their 
special use, iu which the best methods of construction and solution 
are fully given. 

It is confidently hoped that this addition to a work which has 
been an accepted Text Book, botit in-tiiis coon try and in Europe, for 
many years, may add something to its great value ; and it would be 
plea^nt to indtilge the kop« thai it will \m V^ceived with a portioti of 
that gMat faror which has b«en 4Mt<mded to Uie enginal work* 



FiSHKILL-OK-HuDSON, 

March, 1875. 



} 



Note. — ^In revising the Legendre it was thought proper, while retain- 
ing the large body of excellent examples constituting the Appendix referred 
to in the foregoing Preface, to insert, throughout the work, Exercised 
intended to accustom sttidentci, eaAf ih loCid thhmghoat thei# cetiiM/ Ui 
make for themselves practical application of geometric principles. Accord- 
ingly, at the end of each Book, except the second, may be found such 
Eiercises, many of them nuMetlCa], on the fibok of Books pfwie6SAf^ 
Whieb will, it is hoped, pvove an aclditioiial and tiiiiely Idd in instraetioii. 

To save the time and labor of teachers already overtaxed, a Key to the 
Exercises has been prepared for their use, and is made a Supplement of 
this Key to the Legendre. 



COLXTMBIA COLLBGB, N. T., 

Seft., 186& 
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Proposition L — Show that the hiseeirices of two adjacent angles 
are perpendicular to each other. 

Demonstration. — ^Let DCB and DCA be two adjacent angles, 
and OP and OQ be their bisectrices. 

The angle PCD is equal to \ DCB by 
definition, apd DCQ is equal to -j^ DCA : 
hence, PCD + DCQ == \ (PCB -f DCA). 
The first member of this equation is equal 
to the angle QCP, and the second member 

is eqoal to a right angle (Bk. I. Prop, l) ; hence, the angle QCP is 
a right angle, which was to he proved. 

Prop. YL—'Show that the perimeter of any triangle is greater than 
the sum of the. distances from any point within the triangle to its three 
veriieeSy and less than twice that sum. 

Demonstration. — Let ABO be any tri- 
angle, P any point within it, and PA, PB, 
PC, lines from P to the vertices. 

In accordance with Bk. I. Prop. 8, we have 
the following inequalities: 

AB + BC> PA + PC 
BC + OA > PA + PB 
AB + AC> PB + PC, 
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Adding the first and second members of these inequalities, separately, 
and dividing by 2, we have, 

AB + BC + CA > PA + PB + PC, 

which proveB the first part oy ike proposition. 

In accordance with Bk. I, Prop. 7, we have the following inequal- 
ities: 

AB < PA + PB 

BC < PB + PC 
CA < PC + PA, 

Adding the members of these inequalities, separately, and then fac- 
toring, we have, 

AB + BC + CA < 2 (PA + PB + PC), 

which proves the second part of the proposition. 

Prop. III. — Show that the angle between the bisectrices of ttoo 
consecutive angles of any quadrilateral is equal to one-half the sum 
of the other two angles. 

Demonstration. — ^Let ABDE be any quadrilateral, and let AC and 
BC be the bisectrices of the angles A and B. 

The sum of the 4 angles of the quad- 
rilateral is equal to 4 right angles (Bk. L 
Prop. 26, Cor. l) ; or, denoting the angles by 
the letters A, B, D, E, and 1 right angle 
by R, we have, 

A + B-f-D + E = 4R. 

Dividing both members of this equation by 2, factoring and trans* 
posing, we have, 

i (D -F E) = 2R - i (A + B) . . . (1). 
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But CAB and CBA are, respectively, eqoal to -j^ A and -j^ B ; hence, 
(Bk. L Prop. 25, Cor. 1) we have for the angle ACB, denoted by C, 

C = 2R — ^ (A + B) . . . (2). 

Hence, in accordance with axiom 1, we have, from (1) and (2), 

C = i (E + D), 
which was to be proved. 

Prop. IV. Theorem. — Show that any point in the bisectrix of 
an angle is equally distant from the sides of the angle. 

Demonstration. — Let ABC be any angle, BP its bisectrix, and 
P any point of BP. 

Draw PR and PQ respectively perpendicalar 
to the sides BA and BC; then will PR and PQ be 
the distances from P, to BA, and BC. In the 
triangles BPR and BPQ, the angles PBR and 
PBQ are equal, by hypothesis, and the angles PRB 
and PQB are equal, because they are both right angles ; hence, the 
angles BPR and BPQ are equal (Bk. I. Prop. 25, Cor. 2). The 
triangles BPR and BPQ, have the angles PBR and BPR respec- 
tively equal to the angles PBQ and BPQ, and the side BP com- 
mon ; hence, they are equal in all their parts (Bk. L Prop. 6), that 
is, PR = PQ, which was to be proved. 

Conversely ; If PQ=PR, the line PB is the bisectrix of the angle 
ABC. 

* Corollary. — If a line, as APC is drawn perpendicular to the 
bisectrix of an angle, the parts intercepted between it and the sides 
of the angle will be equal: for the triangles PQC and PRA are equal 
in all their parts , hence, PC equals PA. 
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Prop, V. — If ttoo sides of a triangle are prolonged beyond the 
third side, show that the bisectrices of the inchuied angle and of the 
exterior angles, all meet in the same point. 

Demonstration. — Let ^^C be any triangle, and let CO and BO 
be the bisectrices of the exterior angles 
ECB and DBG. 

Draw AO, and also, draw OE perpen- 
dicular to AB, OD perpeudiculav to AD, 
and OQ perpendicular to BC. It is to be 
shown that AO is the bisectrix of the 
angle EAD. 

Because CO is the bisectrix of ECB, we have, OE = OQ, and 
because BO is the bisectrix of DBC, OD = OQ; consequently, (Ax. 1) 
OD = OE. Hence, from the last proposition, AO is the bisecti-ix of 
EAP, toiich was to be pinvcd. 

Prop. VL — Show that the projection of a line on a parallel line 
is equal to the line itself ; and that the projection of a line on a line 
to which it is obliquCy is less than the line itself 

Demonstration. — Let PQ be the projection of the parallel line 
AB, and also the projection of the oblique 
line AC. 

Because AB is parallel to PQ, and be- 
cause AP and BQ are both perpendicular to 
PQ and consequently parallel, the figure 
ABPQ is a parallelogram ; hence, AB = PQ, (Bk. I. Prop. 30), 
which proves the first part of the proposition. 

Because AB is perpendicular to QC, and AG is oblique to it, AC 
is greater than AB, (Bk. L Prop. 15) ; hence AC is greater than PQ, 
which proves the second part of the proposition. 
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Pbqf. YlL-rr^I/ a lin^ is dpuvm thnmph tkfi pam^ of fn^^^li^ 
of the diagonals of a parallelogram^ show that the lim is bisiectei (nt 
the points 

Demonstration. — ^Let ABCD be a parallelogram, AC and BD 
its diagonals, and their point of inter- p 

section. 

Draw the lino PQ, through 0, and 
limited by BC and AD. 

In the tiiangles POC and QOA, the 
sides AO and OC are equal (BL I. Prop. 31), the angles OCP and 
OAQ are equal (Bk. I. Prop. 2i), Cojc. 2), and the angles POC and 
QOA are equal, because they are opposite .or vertical; hence, the 
triangles are. equaj in all their parts (Bk. I. Prop. 6) : consequently, 
OP = OQ, which UHis to he proved, 

PaQP. VUL — The bisectrices qf thi four angUs of any. pa/rcdleUh 
gram form^ by their intersection^ a rectangle whose diagonals axe 
paraUel to the sides of the given pq,rallelQgra^, 

Demonstration. — Let ABCD be any parallelogran, and lot AS, 
BS, CR^ and DR be the bisectrices of its 
angles. 

Draw the diagonals PQ, RS, and 
prolong DA and BC t9 meet the biseo- 
trices OR and AS, in L and % 

Because AS and BS are the bisec- 
trices of the angles A and B, their Yp 
included angle is equal to one-half the sum of the angles D and C 
(Prop. &, Key); but the sum of D and C is two right angles; hence, 
tlie an^e P^Q is a right angle^ Ir like nsanner it may be shown 
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that each of the angles SQR, QRP and RPS is a right angle ; hene^ 
PRQS is a rectangle. 

Because DE and BE are parallels included between parallels, they 
are equal to each other (Bk. I. Prop. 28, Cor. 1). Since AP bisects the 
angle DAE and is perpendicular to DE, it divides the latter line intO; 
two equal parts, that is, EP is one-half of ED ; in like manner it may'^ 
be shown that BQ is one-half of BK ; consequently EP is equal to 
BQ; hence, PQ is parallel to EB (Bk. I. Prop. 30). In the same 
way it may be shown that RS is parallel to LD, which tods to be 
proved. 



Prop. IX. Theorem. — Show that the sum of the distances from 
any point in the ha^e of an isosceles triangle to tJie other two sides, is 
equal to the distance from the vertex of either angle at the base, to the 
opposite side. 

Demonstration. — Let ABC be an isosceles triangle and let P be 
any point in its base. 

Draw CS parallel to AB, CD and QP perpen- 
dicular to ABy PR perpendicular to AC, and 
prolong QP to S. 

The angle PCS is equal to ABC, because they 
are alternate angles, and the angle PCR is equal to 
ABC by hypothesis; hence, the angles PCS and 
PCR are equal. In the triangles PCS and PCR, the angles PCS and 
PCR are equal, as just shown, the angles PRC and PSC are equal, 
because botli are right angles, and consequently the remaining angles 
CPR and CPS are equal: these triangles also have the side CP 
common ; hence, they are equal in all their parts (Bk. L Prop. 6) ; 
PR is therefore equal to PS, and QP -J- PR is equal to QP -(- P8, or 
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to QS ; but QS is equal to DC (Bk. I. Prop. 28, Cor. 2) ; hence, 
PQ -|- PR = CD, which was to he proved. 

Prop. X. — Show that the middle point of the hypothenuse of 
a right-angled triangle is equally distant from the three vertices. 

Demonstration. — Let ABC be a right-angled triangle, and let 
be the middle point of its hypothenuse. 

Draw OB; also draw OP parallel to AB, 
and OQ parallel to CB. 

In the triangles OQA and CPO, the angles 
COP and OAQ arc equal (Bk. I. Prop. 19, 
Sch.) ; the angles OCP and AOQ are equal 
for the same reason, and the sides CO and 
OA are equal by hypothesis ; hence, OP is equal to QA ; but OP 
is also equal to BQ, and consequently BQ is equal to QA. — In the 

triangles OQA and OBQ, the side OQ is common, BQ is equal to 
QA^ and the included angles OQB and OQA are equal because both 
are right angles ; hence, OB is equal to OA, and to its equal OC, 
which wa^ to he proved. 

Prop. XI. — Draw two lines that shall divide a given right angle 
into three equal parts. 

Solution. — Let ADK be the given right angle. Take any dis- 
tance DL, and- on it as a side, construct an 
equilateral triangle DLQ^ and bisect the angle 
QDL by the line DS, (Bk. IIL Probs. 10 and 5). 
The angle QDL is equal to two-thirds of a 
right angle (Bk. I. Prop. 25, Cor. 6) ; hence, 
KDS and its equal SDQ, are each equal to one- D z K 
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third of a right angle and the remaining angle QDA is also equal to ono- 
third of a right angle. The required lines are, therefore, DS and I>Q, 

Prop. ^IL — Draw a Hne AP through the vertex A of a triangle 
ABF and perpendicular to the bisectrix of the arigle A ; construct a 
triangle PRE having its vertex P on AP and its ba^c coinciding 
with that of the given triangle : then show tliat the perimeter of PBF 
is greater than that of AB^F. 

Demonstration. — Let ABF be the given triangle, AG the bisec- 
ti'ix of the angle A, AP pei'pendicular to AGj 
and Jet P be any point of AP. Pi'olong BA 
and make AM equal to AF; draw MP. 

Because the angles BAF and FAM arc 

adjacent, and AG is the bisectrix of the 

former, AP must be the bisectrix of the latter (Prop. 1, Key) ; hence 

the angles FAP and PAM are equal. In the triangles FAP and 

PAM, the side AP is common, AM is equal to AF by constructioji, 

and the included angles FAP aijid PAM are equal ; hence, PM is 

equal to PF. — In accordance with Bk. I. Prop. 7, we have the 

inequality ; 

BP + PM > BA + AM. 

Substituting PF for its equal PM, AF for its equal AM, and adding 
FB to each member, we have, 

BP + PF + FB > BA + AF + FB, 

which was, to be proved. 

Prop. XIII. — Let an altitude of the triangle ABC be dravm from 
the vertex A^ and also the bisectrix of the angle A ; then show thxit their 
included angle is equal to half the difference of the angles B and (7. 
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I>BMONSTRATiON. — ^Lct ABO be a tnangle, AQ the bisectrix of 
the angle A, and AP the altitude drawn from 
the vertex A. The angle CAB is eqqal to 
two right angles diminished by the sum of the 
angles B and C ; hence, if we denote a right 
angle by R, we have, 

QAB = R - |B - i C . . 

In the right-angled triangle PAB, we have, 

PAB = R - B . . . 




(1). 



. . . (2), 

Subtr^ing (2) from (1), member from member, we have, 

QAB — PAB = ^B — ^ C, or QAP = ^ (B — C), 
^ich toas tOt be provecU, 



f^i^op. XIV4 — Given two Unea that tuould v^et if mffimnUy pro-, 
longed^ to draw- the bisectrix of their included an^le mthout finding 
itSi vert^ 

Solution. — Let AB and CD be the giv^^n lines. 

Through any point P, of AB, draw PR 
pamllel to CD (Bk. III. Prob. 6), Bisect the 
angle BPR by the line PQ, and draw the line 
PR perpendicular to PQ; bisect PR in S 
(Bk. IIL Prob. 1), and draw SV parallel to 
PQ. 

Because CD is parallel to PR, the angle 
between the given lines is equal to the angle 

RP6, and consequently the required bisectrix is parallel to PQ; 
hence, PR is perpendicular to that bisectrix. Since S is the middle 




14 



KEY. 




y K 



point of PR, aud SV is perpendicular to PR, it must be the required 
bisectrix (Prop. IV, Key, Cor.). 

Prop. XV. — From two points on the same side of a ffiven line, 
draw two lines (hat shall meet each other at some point of the given 
line and make equal angles with that line. 

Solution. — Let P and Q be the given points aud AK the given 
line. 

Draw PN perpendicular to AK, and 
prolong it to M, making NM = NP ; 
draw MQ, and from the point R in which 
it intersects AK, draw RP. 

The right-angled triangles RNP and 
RNM, have the side PN equal to NM, by construction ; the side RN 
common and the included angles PNR and MNR are equal ; hence, 
the angle NRP is equal to the angle NRM; but the angle ARQ is 
equal to its opposite angle NRM ; hence, the lines PR and QR make 
equal angles with AK ; consequently they are the required lines. 

Prop. XVI. — Show that the sum of the lines dravm from two 
given points to any point of a given line, is the least possible when these 
lines are equally inclined to the given line. 

Demonstration. — Employing the same construction as in the last 
figure, let P and Q be the given points, 
and PR and QR equally inclined to AK; 
also PS and SQ unequally inclined. 

The line AK is drawn through the 
vertex R of the triangle QRP and perpen- 
dicular to the bisectrix of the angle QRP ; 
hence, from Prop. XII, Key, QR + RP < QS + SP, which was to be 
proved. 




y K 
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Prop. XVIL — From two given points, on the same side of a given 
line, draw two lines meeting on the given line, and equal to each other. 

Solution. — Let A and C be the given points and BD the given 
line. 

Draw AC, and bisect it by a peipendicalar 
PQ; from the point Q, in which this meets 
the given line, draw QA and QC. 

Because PQ is perpendicular to AC, at its 
middle point, Q is equidistant from A and C 
(Bk. L Prop. 16) ; hence, AC and CQ are the required lines. 

V 

Prop. XVIII. — From, a given point A, draw a line that shall he 
equally distant from two given points B and C. 

Solution. — Let A be the first point, and let B and C be the other 
given points. 

Draw BC, bisect it in O, and then 
draw AO. From B and C, draw BQ 
and CP perpendicular to AO. 

The triangles BOQ and COP are 
equal in all their parts ; hence BQ equals CP. The line AO is there- 
fore the required line. 

Prop. XIX. — Through a given point draw a line cutting the sides 
of a given angle and making the interior angles equal to each other. 

Solution. — Let P be the given point and DAF the given angle. 

Draw the bisectrix AS, of the given 
aBgle, and through P draw PR perpen- 
dicular to AS, cutting the sides of the 
angle in Q and R. 

In the triangles ASQ and ASR, we 
bave, AS common, the angles SAQ and 
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SAI^ eqnal by eoBsltiiotioji, aa4 the aBglet A8Q and ASB equal, 
because they are rigbt angles ; hence, these iriaBglea are equal in aU 
their parts. The ang^ SQA and SRA, are therefore eqiuil, SBid con- 
sequently PR is the required line. 

Prop. XX. — Draw a line PQ parallel to the ba^e BC of a trian- 
ffle ABC, 80 that PQ shall be equal to the sum of BP and CQ. 

Solution. — L^t ABC be the given triangle. 

Draw the bisectrioos BR apd CR,, of the 
angles B and C, an<^ through l^r intersection 
R, 4rn,w PQ par^llQl to BC. 

Since PQ is parallel to PC, the angles QRC 
apd RCB are equal ; but, RCQ and RGB are 
equal by construction ; hence, the angles QRC and QCR are equal ; 
the triangle RQC is therefore isosceles (Jk. II, Prop.. 12), and conse- 
quently RQ is equal to QC. In like mai;inerlt may be s^own that 
RP is equal to PB. Hence, 

PR + RQor PQ = BP + QC; 

the line PQ is therefore the required line. 

Prop. XXI, — In a given isosceles triangle draw a line that shall 
cut off a trapezoid whose base is the base of the given triangle and 
whose other sides shall be equal to each other. 

Solution.— Let ADF be the given isosceles triangle. 

Draw the bisectrix FP of the angle F,t 
and through the point in which i,t meets AJR 
draw PQ parallel to DF, 

It may be shown as in th^ last problem, 
that the triiangle PQF is isosceles,, the side 
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PQ beiog equal to QF. Sinee PQ is parallel to DF, the angles AQP 
and APQ are equal, and coHsequently AP is equal to AQ; AD — AP 
or PD, is equal to AF — AQ or QF. Hence, PQ = QF = PD, 
and consequently PQ is the required Jine. 

Prop. XXII. — If two opposite sides of a parallelogram are bisected 
and lines be drawn from the points of bisection to the vertices of the 
opposite angles^ show that these lines will divide the diagonal which 
they intersect^ into three equal parts. 

Demonstration. — Let ABCD be any papallclogn^ro, ?jnd let J^ and 
Q be the middle points of BC and AD. 

Draw PD and BQ, also dra\/ QT 
p£^rallel to AC. 

Since BP is parallel and, equal to QD, 
BQ and PD are also parallel and equiikl 
(Bk. I. Prop. 30). In the triangles ARQ 

and CSP, the angles ARQ and CSP are equal because they are alter- 
nate exterior angles with respect to BQ and PD. Tl^e angles RAQ 
and SCP are equal, because they are al^mate angles, and the sides 
AQ and CP are equal because they are halves of equal lines (Ax. 7) ; 
lienoe, the triangles are equal in all their parts: AR is therefore 
equal to SC. In the triangles ARQ and Q*?!), the angles ARQ and 
QTD are equal because their sides are parallel and lie in the same 
direction (Bk. I. Prop. 24) ; the angles RAQ and TQD are equal 
because they are opposite exterior and interior angles, with respect to 
BQ and PD, and the sides AQ and QD arc equal by hypothesis ; 
hence the triangles are equal in all Iheir parts : QT is therefore equal 
to AB2 but QT is equal to R^; henoe, QT = AR = SC, which was 
to he proved. 
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Prop. XXIII. — Construct a triangle, having given the ttoo angles 
at the ha^e and the sum of the three sides. 

Solution. — Let AB be equal to the sum of the three sides, and 
let the angles LAC and ABC be 
equal to the angles at the base of 
the required triangle. 

Draw the bisectrices AT and BT, 
of the angles A and B, and through 
their point of intersection T, draw 
TR parallel to CA or TS parallel to CB. 

The angles RTA and TAC are equal because they are alternate ; 
but TAC is equal to \W^ by construction ; hence, the triangle AlRT 
is isosceles, and consequently AR = RT. In like manner BS = ST. 
The angle TRS is equal to CAS, the angle TSR is equal to CBA and 
the sura of RT, RS, and ST is equal to AB ; hence, TRS is the re 
quired triangle. 




Prop. XXIV. — Construct a triangle, having given one angle, one 

■• «- 
of its including sides and the sum of the other two sides. 

Solution. — Let ABC be the given angle, AB one of its inclading 
sides, and let BD be equal to the sum ^ 

of the other two sides. 

Draw AD. At A make the angle 
DAC equal to the angle ADC (Bk. IIL 
Prob. 4). 

The triangle ACD is isosceles and consequently, AC = CD (Bk. I. 
Prop. 12). Hence, BC + CA = BC + CD = BD. The triangle 
ABC is therefore the required triangle. 
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Prop. XXV, — Construct an equilateral triangle^ having given one 
of tts altitudes. 

Solution. — Let AD be equal to the given altitude. Draw any 
line AQ, perpendicular to AD, and on any 
part of it, as AB, construct an equilateral 
triangle ABC. Through D, draw DP par- 
allel to A.Q, intersecting AC, produced in 
P. Through P draw PQ parallel to CB : 
then will APQ be the required triangle. 

For, xhe triangles ACB and APQ, being 
similar, aud ACB equilateral, APQ is also 

equilateral. But the altitude of the triangle APQ is equal to the 
given altitude : hence, APQ is the required triangle. 

Prop. XXVI. — Show that the three altitudes of a triangle all 
intersect in a contmon point. 

Demonstration. — ^Let ABC be the given triangle. 

Through A, draw PQ parallel to CB, 
through B, draw RQ parallel to CA, and 
through C, draw PK parallel to AB. 
Through A, B and C, draw perpendicu- 
lars to PQ, QR, and RP, meeting the 
sides of the given triangle in G, F,and E. 

Now, BQ and CA arc equal, because 
they are parallels between parallels ; for a like reason RB and AC are 
equal : hence, B is the middle point of QR. In like manner, C is the 
middle point of RP, and A is the middle point of PQ. Because PQ, 
QR, and RP are chords of the circle that circumscribes the triangle 
PQR, the perpendiculars, AG, BF, and CE, pass through the centre O 
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ef that circle : but these perpendiculars are' also the altitudes of the 
given triangle ; hence, these altitudes all intersect at the same point, 
which vfQS ta be proved* 

Prop. XXVII. — If on^ of the acute angles of a ri^ht-4mgM tru> 
angle is double the otJier, show that the hypothenuse is double the 
smaller side about the right angle. 

Demonstration. — Let ABO be ^ right-angled tnaugle in which 
the angle is double the angle A. 

Draw the bisectrix CO of the angle 
C, and from the point O in which it 
meets BA, draw OP perpendicular to 
the hypothenuse CA. 

Because the angle C is equal to 
twice the angle A, we have the angle OCA equal to the angle OAC; 
that is, the triangle OCA is isosceles ; hence, the perpendicular OP, 
bisects the side CA; consequently CP is equal to one-half of the 
hypothenuse. But CP is equal to CB, because the right-angled 
triangles CPO and CBO have the same hypothenuse CO, and the 
acute angle OCP in the one, equal to the acute angle OCB in th^ 
other. Hence, CA ;= 2CP = 2CB, which was to be proved. 

Prop. XXVIII. — Let a median be drawn from the vertex of any 
angle K of a triangle ABC ; then show that the angle A is a right 
angle when the median is equal to half the side BC, an acute angle 
when the median is greater than half of BC, and an obtuse angle when 
it is less than half of BC. 

DsMOKaTRATioN, — ^Lct AJ5C be a triai^le, 
and l^t AD be the ^ledian draw^ fpom th^ 
YcrtBi^ A, 
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1°. Siippode AD = BD = DC. 

The triangle ADC is isosceles, becatise its i^ide^ AD khd DC ^te 
equal ; hence, the angles DAC and DC A are equal. In like matitieif 
it may be shown that the angles DAB and DBA are equal. Hence, 
thd sum of the angles CAD and DAB, or the angle BAC, is equal to 
the sum of the angles ABD and ACD, that is, the angle at A is equal 
to half the sum of the three angles of the given triangle, or to one 
right angle, ibhich was to be proffed. 

2^, Suppose AD > BD and consequently AD > CD. 

Since, AD > BD, we have from the converse of Prop. 9, Bk. I, 
the angle B greater than the angle EAJD. In like manner the angle 
C can be shown to be greater than the angle DAC. Hence, the said 
of the angles BAD and DAC, or the angle at A, is less than half the 
sum of the three angles of the given triangles, and consequently it is 
acute, which was to he proved, 

3°. Suppose AD <[ BD, and consequently AD < DC* 
It follows from the converse of Vtolpi 0, Bk; I^ that the angle B 
i§ less than the angle BAD ; and the angle C is less than the angle 
CAJD ; hence, the angle fit A is greaiter than half the sum of \h% three 
angles of the given triangle, that is, it is obtuse, which wds to he 
pf&veds 

Pkop. 'K'SJSL^^Let any quadrilaJterd be circumseribed abotU a 
circle: then show that the sum of ttoo opposite sides ia equal to the 
sum <f the other two opposite (Mes* 

DEMONftTRATlbN. — Let ABCJt) bfe any quadrilateral circitrfascribed 
about the circle 6, atid let its sides be tatigent td this dli^le at thef 
(H>ints P, Q, R, and S. 
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From the principle demonstrated in the 

Corollary to Prob. 14, Bk. Ill, we have the 

following equations : 

DS = DP 

CS = CR 

AQ= AP 

BQ= BR. 

Adding these equations, member to member, and recollecting that. 
DS + CS = DC, AQ + BQ = AB, DP + AP = DA, and 
CR + BR = CB, we have, 

DC + AB = DA + CB, 

which was to be proved. 

Prop. XXX. — Draw a straight line tangent to two given circles. 

Solution. — ^Let A and B be the centres of the two circles, and 
let AP and BQ be their radii, and 
let AP > BQ. 

Draw the line AB, through their 
centres. 

With a radius AR, equal to 
AP — BQ, and a centre A, de- 
scribe the circle AR ; through B draw BR tangent to this auxiliary 
circle, and let AR be drawn through the point of contact R, and 
prolonged to T ; draw the radius BL, parallel to AT, and through the 
points T and L draw the line TL. 

Because AR is perpendicular to BR (Bk. Ill, Prop. 9), and BL 
is parallel to AR, the angles TRB and LBR are right angles. But, 
RT is equal to BL, by construction ; hence, the figure TRBL is a 
rectangle, and consequently the line TL is perpendicular to the radii 
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AT and BL, at their extremities ; TL is therefore tangent to both the 
given circles ; hence, TL is the required line. 

Scholium. — ^A second tangent may, in like manner, be constructed 
on the other side of the circles, and it may be shown that both inter- 
sect the line of centres at a common point, to the right of B. 

By using an auxiliary circle whose radius is equal to AP + BQ, 
two other tangents may be constructed intersecting each other on the 
line of centres, between A and B. JThe first pair of tangents is said 
to be external, the second pair is said to be internal. 

There may be several positions of the given circles. 

1°. If the circles are external to each oth^r, they will always have 
two external and two internal tangents, common to both. 

2°. If the circles touch each other externally, they will liave two 
external tangents and only one internal tangent. 

3°. If the circles cut each other, they will have two external tan- 
gents but no internal tangent 

4°. If the circles touch each other internally, they will have one 
external but no internal tangent. 

5°. If one circle lies wholly within the other, they can have no 
common tangent whatever. 

Prop. XXXI. — Through a given point P, draw a circle that shall 
be tangent to a given line CB, at a given point B. 

Solution. — Let P be a given point, CB a given, line, and B a 
^ven point on that line. 

Draw PB and bisect it by a perpendicular 
OC, meeting BC in C ; at B erect BO perpen- 
dicalar to CB, and meeting OC in 0. Then, 
with O as a centre, and OB as a radius describe 
a circle. 
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Becaose OD li perpe&dicalar to PB^ at itB middle pointy O tt 
equally distant from B and P (Bk. I, Prop. l6); hence, the circle 
passes through P. Because BO is perpendicular to the radius OB, 
at its extremity, it is tangent to the circle at B. Hence, the circle 
BDP is the required circle. 

Prop« XXXII. — Let two eireUB mterseet etteh other ^ and through 
either point cf intersection let dtdmetere of this eircies be draUm : then 
show that the other extremities of these diametets and the other paint 
of intersection, lie in the same straight line. 

Demonstratioit. — Let C and D be the centres of twd citcles 
which intersect each other at £ and S, 
and let EQ and £P be the diameters 
of the circles through £L 

Draw QS, PS, and SE. 

Because EOQ is a diameter of the 
circle 0, the angle QSE is a right angle 

(Bk. Ill} Prop. 1 8, Cor. 2) ; in like manner the angle ESP is a right 
angle : hence, the line ES meets QS and SP, making the sum of the 
angles ESP and ESQ equAl to two right angles ; the lines QS and SP 
therefore form a single straight line QSP (Bk. I, Prop; 8), which ibai 
to be proved. 

Prop. XXXIIL — Through two given ptntits, A and B, dHiiS tf 
circle that shdll be tangent to a given line CP. 

Solution. — Let A and B be the given points and CP the given liii^ 

Draw AB, and prolong it till it 
intersects CP at C ; lay off BQ equri 
to AC, and on CQ, as a diameter, con- 
struct a semicircle QDC; draw BD 
perpendicular to CQ, cutting this semi- 
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^role in D ; make CP = BD and draw PO pcrp^iicular to CP ; 
also draw GO perpendicular to, and bisecting AB ; from the point O, 
in whidi the last two lines intersect, as a c^itre, and with a radius 
equal to OP draw a circle BPA. 

The circle BPA is tangent to the line PC, at P, because CP is 
perpendicular to the radius OP, at its extremity. Since BD is perpen- 
dicular to OQ, it is a moan proportional between CB and BQ, that is, 
between CB and CA (Bk IV, Prop. 28) ; hence, the points A and B 
are on the circle APB (converse of Prop. 30, Bk. IV) : consequentiy 
the circle BPA is the required circle. 

Prop. XXXIV, — Draw a circle that shall be tangent to a ffiven 
circle C and also to a given line BP, at a given point P. 

SoLUTtoH. — Let C be the given circle, BP the given line, and P 
the given point. 

Through P draw the line QO, perpen- 
dicular to BP, and make PQ equal to the 
radius CD of the circle C ; draw QC, and 
bisect it by a perpendicular SO ; from tiie 
point O, in which SO and QO intersect, as 
a centre, and with a radius OP, describe 
the circle PD. 

Because SO is perpendicular to QC, at its middle point, OQ = OC 
and consequently OP = OD. Bat BP is tangent to the circle O, at 
P, because it is perpendicular to the radius OP at its extremity. The 
circle O is tangent to the circle O, becanse the distance OC = OD + 
DC (Bk. Ill, Prop. 14, Scho.). Hence, the circle O is the required 
circle. 
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Prop. XXXV. — Draw a circle that thall be tangent to a given Itn/e^ 
TP, and aluo to a given circle C, at a given point Q. 

Solution. — ^Let TP be the given line, C the centre of the giv&n 
circle, and let Q be any given point on 
the circle C. 

Through Q draw the line CQO, and 
through the same point Q draw QT 
perpendicular to CO; draw the bisec- 
trix of the angle QTP, meeting CO in 
O ; draw OP pci-pcndicular to TP, and 
then with O as a centre and with OP as a radius, describe the circle 

Since O is on the bisectrix TO, OP and OQ are equal ; henc^E3, 
the circle whose radius is OP, passes through Q, and is tangent to tbv. e 
circle C at Q ; it is also tangent to TP ; hence, it is the require ^ 
circle. 

Prop. XXXVI. — Draw a circle that shall pass through a giv^^^ 
point Q, and be tangent to a given circle C, at a given point P. 

Solution. — Let Q be the given point, C the centre of the given ci: 
cle, and P the given point on that circle. 

Draw PQ, and bisect it by the per- 
pendicular DO ; draw CP, and prolong 
it till it meets DO, in O ; with O as a 
centre and OP as a radius, describe the 
circle OP. 

Because DO is perpendicular to PQ, at its middle point, OQ = OP ; 
hence, the circle OP passes through Q. Because CO =: CP + PO 
the circle OP is tangent to the circle C. Hence, the circle OP is the 
required circle. 
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Pbop. XXXVIL — Draw a circle^ with a given raditu^ that shall 
be tangent to a given line DP, and to a given circle C, 

Solution. — Let DB be the given radius, DP the given Une, and 

C the centre of the given circle, 
and CT its radius. 

Draw a line BO, parallel to 
1>P, and at a distance from it 
equal to DB. With C as a cen- 
tre, and a radius CO, equal to 
CT + DB, describe an arc cut^ 

ting BO in the points B and O. With B as a centre, and with a 
fa^us equal to BD, describe a circle ; also with O as a centre, and 
^« same radius, describe a second circle. 

These circles are tangent to the line DP, at the points D and P; 
^7 are also tangent to ti^e given circle, because the distance from C, 
the centre of either, is equal to the sum of the radii OT and BD ; 
nee, either of the circles B and O, is the required circle. 




Prop. XXXVIII. — Find a pointy in the prolongation of any diamr 
'^ter of a given circle, such that a tangent from it to ike circumference 
^^ioU be equal to the diameter of the circle. 

Solution. — Let C be the centre of the given circle, and let AB be 
cuiy diameter. 

At B, draw BP perpendicular to AB 
and equal to the diameter AB; draw 
PC, and at the point Q, in which it cuts 
the circumference, draw the tangent QT 
and prolong it till it meets the prolong- 
ation of AB, in T, 
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The triangles CQfT and CBf* have the common angle fCI" ; the 
angles CQT and CBP are equal, because they are right angles ; and 
the sides OQ ftnd CB are equal, because they are radii ot the same 
circle : hence, these triangles are equal in all th^ir parts, and colise- 
quently, QT = BP = AB ; T is therefore the required point. J 

Prop. XXXlX.-^Skow that when two circles intersect each other y 
the longest cofnfnon secant that can he drawn through either .point of 
intersection is parallel to the line joining the centres of the circles. 

Demonstration. — ^Let C and D be tiio ceatres of tWb i^h^kto 
Intersectif^ eaoh other at S and R, 
and let KT be a common secant 
drawn through one of the |>oiiit8 
of iDters^ction S. 

Draw CD ; and from C and D 
let fall CQ and DP p^endicular 
to ET, and meeting it in th^e jpoiuti^ Q and P. 

The distances EQ and QS are equal (Bk. Ill, Prop. 6), as are also 
4fee distances SP and tT ; fccn^, KT ==*i fiQP : but ^t is the ^ec- 
^n of CD ^n the Ikie KT, and this ph)jectioh is the greatest poi^ffe^ife 
when KT is parallel to CD <t^. Vl, Key). Hence, the wbWle littft 
KT is the greatest possible When 4t is parallel to CD, which was io he 
proved. 

Prop. XL Problem. — (khsW^M ihJe gHateat p6s8ihle tqkiUUeral 
triangle whose sides shall pam 'tkrdugh three ffiven points, A, B, and 
C, not in the same straight lint. 

Solution. — Let A, B, and C be th^ thtee given points. 
Join the tbree points, forming th"6 tTikn^e ABC ; on the sidcte Aft 
and AC, as chords, construct segments of circles APB atid A^!C tsCpk- 
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ble of eontainiDg an angle equal to two-lhirdft of a right angle 

(Bk. Ill, Prob. 16) ; through A draw QAP 

parallel to tne line through D and £, the 

centres of the segments ; from the points Q 

and P, draw QC and PB, and prolong them 

till they meet at R. 

Any triangle whose sides pass through 
A, B, and G, and whose two vertices are in 

the arcs APB and AQO, is equilateral, because each of its angles is 
eqBAl to two-tfairde of a right angle ; but no other triangle whose sides 
pass through A, B, and C, can be equilateral Now, of the group of 
equilateral triangles that can be formed, as just indicated, that one 
will be the greatest possible which has one of ite aides the greatest 
possible ; but from Prop. XXXIX, Key, the ude through A will be 
greatest possible wh^n it is pftrallel to the line joining D and £: 
hence, QPR is the required triangle. 

Prop. XLI»r — Show that the bisectrices of ike four angles of any 
quadrilateral intersect in four points^ all of which lie on tli^ circum- 
ference of tfie same circle. 

PutfE^NfivitATipN — Let A^GD be any quadrilateral, and let AR, 
BR, CP and DP, be the bisectrices 
of its four angles. Draw PR. 

Th6! angle PSB, or its equal ASD, 
is equal to one-half the sum of ABC 
and DCB (Prop. Ill, Key). In like 
raann^ it niay be shown that the 

4^g]ie PC^ is eqv^ to pf^e-hi^lf the sum of the angles BAD and CD A. 
Hence, the sum of the angles PSR and PQR is equal tp. oncrhalf the 
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8;nn of the fonr angles of the given quadrilateral, that is, to two right 
angles. Consequently, from the converse of Prop. 1 8, 13k. Ill, Cor, 4, 
the quadrilateral SPQR can be inscribed in a circle, which was to be 
proved. 



Prop. XLII. — If two circles touch each other extomally, and if 
tiDo common secants are drawn through the point of contact and ter- 
minuting in the concave arcs^ show that the lines joining the extremities 
of these secants, in the two circles, are paralleL 

Demonstration. — ^Let O and P be the centres of two circles 
which are tangent to each other at the 
point Q. 

Draw the secants BC and DE, ter- 
minating in the concave arcs BD and 
EC ; draw also BD and EC, and at Q 
draw TS tangent to both circles. 

The angle SQE is equal to QCE 
(Bk. ni, Prop. 21 and 18) ; in like manner the angle TQD is equal to 
QBD. But SQ^ and TQD are equal because they are opposite 
angles ; hence, QCE and QBD are equal, and consequently, the lines 
CE and BD are parallel (Bk. I, Prop. 19, Cor. 1); which teas to be 
proved. 




Prop. XLITT. — Let an equilateral triangle he inscribed in a circle, 
and let two of the subtended arcs be bisected by a chord: then show 
that the sides of the triangle divide the chord into three equal parts. 

Demonstration. — Let ABC be an equilateral tri n gle inscribed in 
a circle ASBCP, and let P and S be the middle points of the arcs 
APC and ASB. 
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Draw PS, catting AC and AB in Q and R ; also draw AP and 
AS. 

The angles ASR and RAS are equal be- 
cause they are measured by halves of the 
equal arcs AP and SB ; hence, AR =: RS. 
In like manner it may be shown that AQ = 
FQ. iu the triangle AQR, the angle ARQ 
is measured by ^ (SB -f- PA), the angle 
AQR is measured by ^ (AS + PC), and the angle QAR is measured 
by tJCB, hence, the thi^e angles are equal, and consequently QR = 
AQ = AR, or PQ = QR = RS, which was to he proved. 

Prop. XLIV. — Find a point within a triangle^ such that the angles 
formed by drawing lines from it to the three vertices of the triangle^ 
ghall be equal. 

Solution. — Let ABD be the given triangle. On AB construct 
an arc that will contain an angle equal to 
four-thirds of a right angle ; on BD con- 
struct another arc that will contain an 
angle equal to four-thirds of a right angle, 
and intersecting the first at O ; draw CD, 
OA, and OB. 

The angles AOD and DOB are each 
equal to four-thirds of a right angle, and consequently, the angle AOB 
is also equal to four-thirds of a right angle ; hence, O is the required 
point. 

Prop. XLV. — Inscribe a circle in a quadrant of a given circle. 




Solution. — ^Let CBPD be the given quadrant. 




Diaw the bkectrix CP of the angle DOB, and at P draw a tangent 
PT to the quadrant, meeting CB pro- 
duced at T. 

Draw the bisectrix TO, of the 
angle CTP, and from the point O, in 
which it meets CP, draw OR and OQ 
perpendicular to CB and CD; with 
O as a centre, and OR as a radius, 
describe a circle. 

Because TO is Oie bisectrix of the angle RTP, OR = OP 
(Prop. IV, Key) ; because CP is the bisectrix of the angle BCD, 
OR = OQ : hence, the circle OR passes through P and Q. This 
circle is tangent to CT because CT is perpendicular to OR at R, and 
for a like reason it is also tangent to CD at Q ; the circle OR is tan- 
gent to the arc DPB, because CO = CP — OP : hence, the circle 
OR is the required circle. 

Prop. XLVI. — Through a given point P, within a given angle 
ABC, draw a circle that shall be tangent to both sides of that angle. 

Solution. — Let P be the given point and ABC the given angle. 

Draw the bisectrix BO, of the 
given angle, and also the line BP ; 
from any point Q, of BO, draw QR 
perpendicular to AB, and from Q, 
as a centre, and with a radius QR, 
draw the arc RS, cutting BP in S ; 
draw SQ and also draw PO parallel 

to SQ, intersecting BO at O ; then draw OA parallel to QR, and with 
O as a centre and OA as a radius, describe the circle APC : also draw 
OC perpendicular to BC 
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I)m ^piiQgles JlSQ and BPO huve t|)e angle at B comn^oi^i «d4 
abcQ Q3 i^ p^mllel \o OP, th^ angles 6Q3 and BOP are equ^l, at^ fir^ 
Abo t)^e anglo^ BSQ ^nd BPO; b<^|ioe, the tiiaiigles are similar 
(Bk. IV, Prop^ 18), an4 coiiaequently, tbe^r correspopding sides are 
proportional, 

We have, therefore, the propc^rtiQa 

BQ : BO : : QS : OP ... . (1). 

In like manner, we have from the triangles BQR and BOA, the 

proportion, 

BQ : BO : : QR : OA . . . (2). 

Because the first three terras of proportions (i) and (9) are equal, 
e«ch to each, their fourth terms must be equal, that is, OP = OA. 
Hence, the circle whose radius is OA, passes through P. The di^nce 
OC is equal to OA (Prop. IV, Key) ; hence, the circle whose centre 
is O passes through C. Furthermore, BA is perpendicular to OA, at 
its extremity, and BO is perpendictdar to OC, at its extremity ; 
hence, the circle whose radius is OA, is tangent to both sides of the 
given angle ; it is therefore the required circle. 

Prop. XLVII. — Show that the middle points of the sides of any 
quadrilateral are the vertices of an inscribed parallelogram. 

Demonstration. — Let ABCD be any quadrilateral, and let P, Q, 
R, and S, be the middle points of its four 
sides. 

Draw PQ, QR, RS, an4 SP ; also draw 
tbtt disigonftb BD ^d AC. 

B^omse AQ = QB, »»d AP == PD, 
we have the pi'oportion, ^ 

AP : PD : : AQ : QB. 
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Hence, from Bk. IV, Prop, 16, PQ is parallel to DB. In like manner 
it may be shown that RS is parallel to DB : hence, PQ and SR are 
parallel to each other. The lines QR and PS are parallel to AC, for 
similar reasons; hence, they are parallel to each other, and conse- 
qucntly, the figure PQRS is a parallelogram inscribed in the given 
quadrilateral, which was to he proved. 
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Prop. XLVIIL — Inscribe in a given triangle, a triangle whose sides 
shall he parallel to the sides of a second given triangle. 

Solution. — Let ABC be the first given triangle, and let D£F be 
the second given triangle. 

Take any point P, on the side AB, and 
. through it draw PQ parallel to D£ ; from 
Q draw QR parallel to £F, and from P 
draw PR parallel to DF, intersecting PR in 
R ; draw BR and prolong it to S. Through 
S draw SM parallel to RQ, and SN parallel 
to RP, and then join M and N. 

From the triangles BSJ^ and BRP,we have (Bk. IV, Prop. 16), 

BR : RS : : BP : PN . . . (1). 
From the triangles BSM and BRQ, we have, like reasons, 

BR : RS : : BQ : QM . . . (2). 

Combining proportions (1) and (2), we have, 

BP : PN : : BQ : QM; 

hence, from (Bk. IV. Prop. 16), we have, NM parallel to PQ. The 
sides of the inscribed triangle NSM, are therefore parallel to the sides 
of the triangle PRQ, and consequently, to the sides of the triangle 
DFE. The triangle NSM is therefore the required triangle. 
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Prop. XLIX, — Through a point P, within a given angle, draw a 
line such that it and tJte parts of the sides that are intercepted shall 
contain a given area^ 

Solution. — Let BAG be the given angle, and P the given point. 

Through P, draw DPF parallel to AC, 
and complete the parallelogram DFGA, in 
sujh manner that its area shall be equal to 
the given area. To do this, first construct 
a triangle equal to the given area (Bk. IV, 
Prob. 6), then convert this into an equiva- 
alent triangle whose altitude is equal to t^e 

altitude D£; and then make DF and AG each equal to one-half the 
base of the last triangle. From G, draw GH perpendicular to AC 
and make it equal to PD ; with H as a centre, and a radius equal to 
PF describe an arc cutting AC in C ; then draw CP and prolong it 
to B. 

The triangles DBP, PFI, and IGC are similar (Bk. IV, Prop. 21); 
they are therefore proportional to the squares of their homologous 
sides DP,,PF, and GrC; hence, we have the continued proportion 

PFI : DBP : GIC : : Pr' : PI? : GC^ . . . (1), 
whence, by composition, (Bk. II, Prop. 6), 



7T7^^ 



PFI : DBP + GIC : : PF : PD + GC . . . (2). 
Bat, from the nature of the construction (Bk. IV, Prop. 1 1), wc have, 

HC^ or P? = HG^ + (^"^ = PD^ + G(?; 

hence, the terras of the second couplet of proportion (2) are equal, 
and consequently the terms of the first couplet are equal, that is, 

PFI = DBP 4- GIC. 
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If now we take away from the parallelogram AF, the triangle PFI 
and then add to it its equal, DBP + GIC, we shall have the trian^ 
BAG. The trianfijle BAG is therefore equal to the parallelogram AF, 
which is equal to the given area ; hence, BAG is the required triangle 

Prop. L. — Construct a parallelogrmn, whose area and perimeter 

•» < 

are respectively equal to the area and perimeter of a ffiven triangle. 

Solution. — Let ABG be the given triangle. Prolong AB, mak- 
ing BD = BG, and bisect AJD in E; 
draw BF parallel to AG; with A as a 
centre and a radius equal to AE, describe 
an arc cutting BF in G ; draw AG ; bi- 
sect AG, in II, and complete the parallel- 
ogram AIIFG. 

The sides AG and HF of the parallel- 
ogram AF, are each equal to AE, and 

consequently their sum is equal to AD, or AB + BG, The sides AH 
and GF are each equal to one-half of ,AG,^and consequently their sura 
is equal to AG ; hence, the perimeter of the parallelogram AF is equal 
to that of the given triangle. The altitude of the parallelogram is 
equal to that of the given triangle, and the base of the parallelogram 
is one-half that of the given triangle; hence, the area of the parallel- 
ogram is equal to that of the given triangle (Bk. IV, Prop. 5 and 6). 
The parallelogram AGFH is therefore the required parallelogram. 

Prop. LL — Inscribe a square in a semicircle^ that isj a square^ 
two of lohose vertices are in the diameter and the other two in the semi- 
circumference. 

Solution. — Let ADGB be a semicircumference whose diameter S» 
AB, and whose centre is O. 
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Draw A£ perpendicular to, and equal to, AB ; draw £0, cutting 
the semieircumference in D; draw DC jg^ 

parallel to AB ; also, draw DF and CO per- 
pendicular to AB ; draw OC. 

The triangles O AE and OFD are similar ; 
but, OA =*^AE, and consequently OF =• 
JFD. The triangles OFD and OGC are 
equal in all their pails ; hence, OG = OF, 
and consequently FG = FD ; but FD = GC, and PG = DC ; hen^, 
FDCG is the required square. 

Prop. LII. — Through a given point P, draw a line cutting a tri- 
angle, so that the sum of the perpendiculars to it from the two vertices^ 
on one side of the line, shall be equal to the perpendicular to it, from 
the vertex, on the other side of the line» 

Solution. — Let P be the given point and ABC the given triangle. 

Draw the median AD, and on it 
lay off DO = ^DA ; draw PO, and 
prolong it till it meets DC prolonged, 
in 8 ; upon this line let fall tho perv- 
pendiculars CG, AF, DK and BE. 

Because D is the middle of CB, 
we have the following equations : 

SD = SC -t- iCB 
SD = SB — |CB. 

Adding, and dividing by 2, we have, 

m = i(SC + SB) . . . (1). 

Ff&m the similar triangles SCG and SBE, we have, 

SC : SB :: CG : feE . . . (S); 
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whence, by composition 

SC : SC + SB : : CG : CG + BE • . . (3). 
From the similar triangles SCG and SDK, we have 

% 

SC : SD : : CG : DK . . . (4). 

Because the antecedopts in (3) and (4) are equal, each to each, 

we have, 

SC + SB : SD : : CG + BE : DK . . . (6> 

But, SC + SB = 2SD, hence, 

CG -t- BE = 2DK . • . (6). 
From the similar triangles AFC and DKO, we have, 
AF : DK :: AO : DO . . . (7); 
but, AO = 2D0 by construction, hence, 

AF = 2DK . . . (8). 
From equations (6) and (8), we have, 

AF = CG + BE; 
hence, PS is the required line. 

Pnop. LIII. — Show that the line which joins the middle points of 
two opposite sides of any quadrilateral bisects the line joining the 
middle points of the two diagonals. 

Demonstration. — Let ABCD be any quadrilateral, F and H the 
middle points of two opposite sides ; and 
let L and K be the middle points of the 
two diagonals BD and AC. 

Draw LK, FH, FL and KH. 

Because F is the middle point of AD, 
and L the middle point of BD, FL is 



S^D 
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parallel to AB, and equal to -j^AB. In like manner it may be shoym, 
that HK is parallel to AB, and equal to ^AB. Hence, HE and LF 
are parallel and equal to each other. The triangles FOL and H0£[9 
have their angles equal each to each and the sides LF and EH equal ; 
hence, they are equal in all their parts, and consequently, OL == OE, 
which toas to be proved. 

Prop. LIV. — If from the extremities of one of the oblique sides of 
a trapezoid^ lines be draton to the middle of the opposite side, show that 
the triangle thus formed is equal to one-half the given trapezoid. 

Demonstration. — Let BPQR be a trapezoid, and let BD and PD 
be lines drawn from B and P, to D, the 
middle point of QR. 

Through D, draw TD parallel to BP, 
and prolong it till it meets the prolonga- 
tion of BR, in S. 

The triangles DRS and DTQ, have 
th^ir corresponding angles equal and the sides DR and DQ equal; 
hence, they are equal in all their parts. If we take the triangle DTQ 
from the given trapezoid, and then add the equal triangle DRS, we 
shall have the parallelogram BPTS ; hence, this parallelogram is equal 
to the given trapezoid. The parallelogram PTSB, and the triangle ' 
PBP, have a common base BP and the same altitude ; viz., the per- 
pendicular distance from D, to PB ; hence, from Prop. 6 and 6, Bk. IV, 
the triangle is equal in area to one-half the parallelogram, and conse- 
quently, to one-half the given trapezoid, which was to be proved. 

Prop. LV. — Find a point in the base of a triangle, such that the 
lines drawn from it parallel to, and limited by, the other sides of the 
triangle^ shall be equal to each other. 
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8oi.uTi(Mi.^«-Iiei ABO bo lli« giv^o triaogie^ Lay oif AE eqiuil tig 
AC, and oomplete the paiuU«iogniin ACFil 
Draw. FA catting BO in 0; dr^w OP pwvr 
allel to FC, and OQ paiallel to F£. 

From the ttsiilar triangles AFC nod 
AOP, we have, 

AF : AO : : FC : op . . . (1). 

From the rimiUar triauglc^ AFE and 
AOQ, we have, 

AF : AO : : FE : OQ . . 

From (1) and (2), 

FC : OP : : FE : OQ. 




(2). 



But, FC = FE; hence OP = OQ; the point O is therefore the 
lequircd point. 



Prop. LYI. — Show that Mtf line drti.wn from ^ mdddf^ pok^t of 
tk4i (a««, qf oMiy tfnangU^ thfoug^h th^ vUddh point qf anp U/m of Ihn 
irkmgk ptkVidlel to the ba40, wiU poet through the ^pp^tfi peri^ if 
m^gMmUy produced* 

Demonstration. — Let ABC be any triangle, SR a line parallel to 
the base BC, and let F and P, be the middle 
points of BC and SR. 

Draw PP, and prolong it. 

The straight line drawn from A to P, 
bisects SR (Bk. IV. Prop. 22), thai is, it 
passes throiigh P; bill; only one stoighi 
tine lean be drawn through F and P, consequently, the Hue FP, it 
sufficiently produced, will pass through A, fokich nfos k> he proved. 
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Pbop* LVlL-^Show that the three median* of etn^ tnanffU meet 
in a commcm paint. 

Demonstration. — ^Let ABC be any triangle and let BE and CD 
be two of its medians, intersecting each 

A 

other in P. 

Draw DE ; and through F, the middle 
point of BC, draw FP, cutting DE in Q, 
and prolong it. 

The line DE is parallel to BC ; conse- 
quently the triangles PFB and PQK ai-e similar, as are also the trian 
gles PFC and PQD. From PFC and PQD, we have, 

PF : PQ : : FC : QD . . . (1). 
From the triangles PFB and PQE, wc have, 

PF : PQ : : FB : QE . . . (2). 

From (1) and (2), we have, 

FC : QD : : FB : QE 

But, FC ar FB, henoe^ QD =x QE; the line FP must therefore 
pass through the middle of DE, and therefore, from Prop. LVI, Key, 
it must also pass through A, that is, the line through A and P is the 
third median of the giren triangle^ Hence, the three medians pass 
through P, which was to he proved. 

Prop. LVIII. — On the sides AB and AC of any triangle ABC, 
c(mtrw:t any two pajralklofframs ABDE and ACFGr; prolong the 
sides DE a/nd FG till they meet in H; draw HA, and an the third side 
of the triangle BC, construct a parallelogram two of whose sides ate 
pcmllel emd equai to HA : then show that the parallelogram on BC is 
^fmU i9 Om mm of the parallelograms on AB and AC. 



\ 
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Demonstration. — Let ABC be any triangle ; Let AD and AF be 
any parallelograms constructed on AB and 
AC as sides; and let H be the point in 
which DE and FG meet, when prolonged ; 
let CP be a parallelogram whose sides BP 
and CQ are parallel and equal to HA. 

Draw HA, and prolong it to S; also 
prolong PB and QC, to K ard L. 

The parallelograms ABDE and ABKH 
have a common base AB, and a common 
altitude; hence, they are equal (Bk. IV, 

Prop. 1) ; the parallelograms ABKH and SPBT have equal bases, 
HA and ST, and a common altitude ; they are therefore equal : hence, 
the parallelogram ABDE is equal to the parallelogram STBP. In 
like manner it may be shown that the parallelogram ACPG is equal 
to the parallelogram STCQ. The sum of the parallelograms TP and 
TQ is equal to the parallelogram BCQP; hence, the parallelogram 
BCQP is equal to the sum of the parallelograms ABDE and ACFG, 
which was to be proved. 

Prop. LIX. — Assuming the principle demonstrated in the last 
proposition^ deduce from it the truth that the square on the hypothenuse 
of a riffht-angled tria.ngle is equal to the sum of the squares on the 
other two sides. 

Demonstration. — Let ABC be a triangle right-angled at A, and 
let BQ, AD, and AF be squares described on its sides. Let DE and 
FG, when prolonged, meet in H. 

Draw HA, and prolong it to S ; prolong PB to K, and QC to L. 

The right-angled triangle AGH has the side AG = AC, and the 
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side GH = AE = AB ; hence, it is equal to the triangle CAB in 
all its parts, that is, AH is equal to CB, 
and the angle HAG is equal to the angle 
ACB. Since the angle CAG is a right 
angle, the sum of the angles HAG and 
CAT, or the sum of the angles ACB and 
CAT is equal to a right angle, and conse- 
quently the angle ATC is a right angle ; 
hence, TS is parallel to CQ and BP. The 
square CP, is therefore a parallelogram 
whose sides are parallel and equal to HA, 
and consequently, from Prop. LVHI, Key, it is equal to the sum of 
the squares AD and AF, which was to be proved. 

Prop. LX. — If from the middle of the base of a right-angled 
triangle a line is drawn perpendicular to the hypothenuse dividing 
it into two segments^ show that the difference of the sqtmres of these 
segm£nts is equal to the square of the other side about the right angle. 

Dbmokstratiok. — Let ACB be a right-angled triangle, and D the 
middle of its base. 

Draw DE perpendicular to AB ; draw also 
the line AD. 

In the right-angled triangle ADE, we have. 



AD* = AE* f ED . . . (1). 
In the right-angled triangle DEB, we have. 




DB", or CD = EB* + ED^ 
Subtracting (2) from (1), we have. 



(2). 



AD — CD = AE — EB 



(3).* 
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Bat> AEt — CD = AC", bence, from (3), we have, 



AE" — El? = A(r, 



which was to he proved. 



Prop. LXL — If lines are drawn from anjf point P to the f<mr 
vertices of a rectanyle^ show that the sum of the squares of the two 
lines drawn to the extremities of one diafjfonal is equal to tJie sum of 
the squares of the two lines drawn to the extremities of the other 
diagonal. 

Demonstration. — Let ABDO h^ auy rcctauglc, aud P auy poiut 
to its plap^ 

Draw PA, PB, PC, aad PD ; also draw 
the diagonals AD and CB, and through P 
draw EPF perpendicular to CD. 

From the right-angled triangles PEB 
and PFC, we have, 

PB^ = PE^ + EB* 



E ^ 




F a 



— T>1? 



PC = vr + FC 



whence, by addition, 



PB* + P^==PE*+PF^ + EB^ + FC*.,. (1). 

From the right-angled triangles PEA and PFD, we have, 

PA^ = PE^ + EA2 

^5^ = 1^ + FD^, 
whence, by addition, 

PA^^+ PD^ = PE» + PF + FD^ + Er... (2). 
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Because, Eft = FD, and EA = FC, the second members of (1) 
and (2) are equal ; and consequently the first members are also equal; 
hence, 

VE' + n? = PA* + M)^ 

which VKL8 k) be proved. 

Prop. LXIL— Jt^^ a line be drawn from the cenftte if a circle to 
any point of any chord ; tlien show that the square qf this Ime^ plus 
the rectangle <f the segments of the chord, is equal to the square of the 
radius, 

DEMONSTRATiON.-^Let O be the centre of any circle EBA, BA 
any chord, and P any point of that chord. 

Draw OP, and through P draw the chord 
ED perpendicular to OP ; also, draw EO. 

From the right-angled triangle OPE, we 
have, 

OE^ = OP^ 4- EP^ . . (1). 

From Prop. 28, Bk. IV, we have, 

EP X PD, or E? or BP X PA; 

substituting in (1), we have. 




OE z=z OP + BP X PA, 
Vfhkh was to be p9H>ved, 

Prop. LXIII. — DrditH Unefi^olti the ve/tkx^f Miy scalene triangle 
to a point in the base, such that this line will be a mean proportional 
between the segments, into which it divides the base. 

Solution. — Let ABC be a scalene triangle, AC its base, and B its 
vertex, th^ugli A, B, and C pass "a circle XBOG and left its centre 
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be F ; draw the diameter £FG, and on the radius FB, as a diameter, 
describe a second circle cutting AC, in D 
and R ; draw BE, DF and EG. 

The angles BDF and BEG, being in- 
scribed in semicircles, are right angles, 
and consequently, the triangles BDF and 
BEG are similar; hence, BD = DE. 

From Prop. 28, Bk. IV, we have, 

BD X DE = AD X DC, or BD' = AD x DC; 

hence, BD is the required line. 

A second line could be found, by drawing a line from B to R, that 
would be a mean proportional between AR and RC. 

Prop. LXFV. — Shaw that the sum of the squares of the diagonals 
of any quadrilateral is equal to the sum of the squares of the four 
sides of the quadrilateral, increased by four tim^s the square of the 
distance between the middle points of the diagonals. 

Demonstration. — Let ABCD be any quadrilateral, AC and BD 
its diagonals, and E and F the middle points 
of the diagonals. 

Draw EF, ED, EB, FC and FA. 

From Prop. 14, Bk. IV, we have the fol- 
lowing relations : 

CD^ + CB^ = 2BF^ + 2CF^ 

AD^ + AB^ = 2BF^ + 21!^; 
whence, by addition, 

cff + W + I^-\-l^z=i 4B? + 2 (CF^ -f. AF^X 
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Bot, from the same proposition, we have, 

CF + A? = 2AE» + 2EF'; 
' which gives, when euhBtitnted in tue preceding equation, 

CD* + CS* + AD* + AB* = 411^ + 4X1* + 4EF'. 

' Bnt, iBF* = BD*, {Bk. IV, Prop. 6, Cor.); also 4AE* = AC*i 
I hence, 

CTi' + CB* + AS' + AB* = BD^ + AC* + iW, 
vhieh was lo be proved. 

Prop. LXV. — Comtruet an equilateral triangle egttal tn area io 
wy itoteelet frianple. 

SoLDTioN, — Let ABC bo any isosceles triangle. On AB, as a 
ade, coQBtnict the equilateral triangle 
ABD; draw the line DGE, which is the 
iximaioa bisectrix of the angles D and C. 

On DE, as a diameter, draw a semi- 
circle DFE, and from C erect the line CF 
perpendicnlar to D£; draw EF; and 
from E, as a centre, with EF as a radius, 
drew the arc EG, catting DE in G; 
through G, draw GP and GQ, parallel to DB and DA. Also draw FD. 

From Prop. 23, Bk. tV, Cor. 2, we have, 

EF*, or EG* = EC X ED, or 
ED : EG : ; EG : EC , . . (l). 
From the similar triangles EDB and EGP, we have, 
EP : EG : : EB : EP . . . (2). 
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From (1) and (2), we hav«, 

EG : EC : : EB : EP, or EG X EP = EC X EB; 

but, EG X EP is equal to the area of the equilateral triangle QGP, 
and EC x EB is equal to the area of the isosceles triangle ACB ; 
hence, QGP is the required triangle. 

Prop. LXVI. — In a triangle ABC hi two lines be drawn from the 
extremities of the base BC, intersecting at any point V on the median 
through A, and meeting the opposite sides in the points E and D; 
show that DE is parallel to BC. 

Demonstration. — Let ABC be the given triangle, P any point on 
the median, and CD, BE, lines drawn from 
C and B, through P. 

Through P, draw SPR parallel to BC ; 
also, join D and E. 

From the similar triangles DSP and 
DBC, we have, 

DP : DC : : SP : CB . . . (1). 

From the similar triangles EPR and EBC, we have, 

EP : EB : : PR, or PS : BC . . . (2). 

From (1) and (2), we have, 

DP : DC : : EP : EB . . . (8). 

Whence, by division (Bk. IT, Prop. 6), we have, 

DP : DC — DP : : EP : EB — EP, or 
DP : PB : : EP : PC. 

Hence, the triangles DPE and BPC are similar (Bk. IV, Prop. 20), 
and consequently, the angles DEP and PBC arc equal ; hence, DE is 
parallel to BC, which was to he proved. 
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APPLICATIONS OF ALGEBRA TO GEOMETRY. 




Prop. LXyiL— /» a rigikt-^mgUd (riaagl^ AB^« piven the base 
BA, and the mm of ike hypotkemLse wulperpendiculgT to find the 
hypothesise end the perpendicular, 

SoLunoK. — Denote BA by c, BC hj x^ AC by y, and the sum of 
BC and AC by 4 

Then, « 4. y z= « , , . (1). 

From Bk IV, Prop, 11, a^ = y» + c* . • . (2), 

Froni (1), we liave, x -=, % — y. 

.,•»■'•'■ 

Squaring,* ^ = <» •— 2«y + y» , , , (3). 

flnbtracting l^ from (3), = «» — 2«y — cl 

"Transpoi^ng apd dividii^, y = —z — ; 

«i — c» i» + c» 
whence, « = « — . = --^j-. 

If <; = 3 and « = 9, we have :r = 5 and y = 4. 

Prop, LXVIIL — In a right-angled triangle, given the hypothenuse 
and the 9um of the eides about the right angle, to find these two sides. 

Solution,— Denote BC by a, BA by x, CA by y, and BA + AC 

by t. 

Then, x + y = s . • • (1) 

Wd a^ + y» = a» • . • (a). 

From (1), a^ = «« — 2«y + y» . . . (3). 

3 
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CombiiiiDg (2) and (3), 

2y» — 2«y =r a» — «> . . . (4), 



vhencey 



^ — sy =z 



. . . (6). 



Solving (6), 



= {8 ± V^^ — i«» . . . (6), 



Substituting in (1), 



« = i« q: \/fi8 — J^ . . . (7). 
If a = 5 and « = 7, we have, y = 4 and 3, a? = 8 and 4. 

Prop. LXIX. — In it rectangle, given the diagonal and the peri- 
meter, to find the sides. 

Solution. — ^Denote AC by rf, the side BA by ar, the side BC by y, 
and the sum of BA and BC, or half the perimeter 
by a. 

Then, 

and, 

«» + y» = da, 

from which we obtain by solution, 

y = fi ± \/prr^2 

ar = fi q: VfsP — i«^. 
If c? = 10 and a = 14, we have y = 8 and 6, and a? = 6 and 8. 

Prop. LXX. — CHven the base and perpendicular of a triangle, to 
find the side of an inscribed square. 

Solution. — Let ABC be the given triangle, and let FGHE be the 
inscribed square; 
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Denote AB by 6, CD by a, GH by a?, 
whence CI is equal to a — x. 

From the similar triangles ACB and GCF, 

we have, AB : CD : : GF : CI, 

yvy h : a :: X : a — a?, 

, ah 

whence, x = ;-. 

' a + b 

The side of the inscribed square depends only on the base and 

altitude of the given triangle. 

Prop. LXXL — In an equilateral triangle^ given the distances from 
a point within to the three sideSy to find one side of the triangle. 

Solution. — Let ACB be an equilateral triangle, D any point 
within it, D£, DG, and DF perpendiculars 
from D to the sides of the triangle and CH 
the altitude of the triangle. 
Draw DA, DB, and BC. 

Denote DG by a, DE by 6, and DF by e; 
also denote one of the sides of the triangle by JL I£ O B 

2a?, hence, AH = a? and CH = V^A^ — Alf = V4«« _ a«, or 

CH = x^/z. 

The area of the given triangle is equal to a? x «V3> or ^^/Z\ 

the area of the triangle ADB is equal to a x a; ; 

the area of the triangle BDC is equal to 6 x a; ; 

the area of the triangle ADC is equal to c x ^« 
But the last three triangles make up the first ; hence, 

a!>\/3 =z aa: ■\- hx ■\- cXy 
a + 6 + c 




whence, by solution. 



X = 



V3 



Prop. LXXII. — In a right-angled triangle^ havifi^ ginfem the bm 
and difference bettoeen the hypothenuse and jserpendicularf to find the 
sides. 



Let a = the base AB, 

b = the difference between AC and BC, 
« =5 the hypothenute AC, and 
y = the perpendicular CB. 
Thra, « — y =: 6, b J the oonditiona, • • . • 
fl« = a2 + y« (Bk. IV. Prop. 11), . . . 

From equation (1) we bave^ 

a? = y + 6; 

by sq^uariog, x^ = y^ + 2by + l^^ 

SafaatitutiBg this value of x^ in equatioQ (3), 




henee, 2^ = 4^ * ^, 



or. 



y = 



36 



substituting this value in equation (1), we readily find 

■• 2= ■■*■■ i. ■ > 

2* 



Prop. LXXIII. — In a right-angkd trtangUj having given the 
hypothmuse and the differeme between the base and perpendicular^ to 
determine the triangle. 

Let a = the hypothenuse AC, 

b = difference between AB and BC, 
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# ^ the base AB, and 
jf zs the perpendicular BG. 
Then, jt — y = 6, by the conditions, • • (1) 
a» = «» + y», (Bk. IV, Prop. 11) • (2) 
From equation (1), we have, 

X =^ y + b'j and by squaring, 

«2 = y2 + 26y + 62. 
Substituting this value of sfi in equation (2), we have, 

and by transposing and reducing, 

a* — 6« 

3^ + *y = — o — ; 



fcenoe, y = ^^ ; y = -I ^ J ; 

Substituting either of these values in equation (1), we readily find 
the corriesponding value of x. 

Nof& — The poHtive value of the unknowii quantity generatiy fulfils the con- 
diti^ins of tbo problem, nndentood in its arithmetical BenB& 

The negative value will always satisfy the eandUwnt of the egtuxtion: with 
Its sign changed, it may be regarded as the answer to a problem whtch differs 
from the one proposed only in this: thai eertmn qmem Hiim wkuh we^ ^ idt MUm 
have become euhtractitfe, and the reveree. 

Prop. LXXIV*— jSTaviw^ ^ven the area of a rectangle inscribed in 
a given triangle, to determine the sides of the rectangle. 

By a given tnaagle, we mean one whose sides are all known, or 

^ven. 

Ist To find the perpendicular and segments of the base: 
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Let ABC be a tnangle, m i^hich the three 
sides are given : viz., 

& = AB, a = AC, and c = EC. 

Let CD be drawn perpendicular to AB, and 

let y = CD, and jt = AD ; then will h -- x =z DB. 

Then, a^ r= g^ ^ y^ (1) 

c» = y« + ar2 - 25a: + ** • • • (2) ; 




substituting in equation (2) the value of ^^ + y' = a', froni 
equation (1), 

c^ z±a* — 2bx + l^ ; hence, 
aa + fta - c» 



X = 



26 



and substituting this value in equation (1), we find the altitude of 
the triangle. 

2d. To find the 9%de$ of the rectangle. 
Suppose the rectangle to be inscribed in the 
triangle ACB. 
Let d = the area of the rectangle, e 

jT ss its base, 
y = its altitude, and 
h s CD, the altitude of the triangle. 
Then, by similar triangles, 

AB : CD : : GF : CJ; that is, 

6: h : : ' X :A — y; henoe, 

hx =z bh — by • • • (1), 

and xy ss d, by the conditions, (S), 




From equation (2), we have 



« = - 
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nbstituting this value in equation (1), we have, 

d 



h-=: bh -—btfi clearing of fractions, 
hd = bhy — 6y* ; or, 



y»-Ay = 



; whence, 






-4W 



= +t-^\/ 



» A> - 4Arf 



Substituting these values of y in equation (1), we find the corres- 
ponding values of a;. 

Prop. LXXV. — In a triangle^ having given the ratio of the two 
tides, together with both the segments of the base made by a perpendio 
ular from the vertical angle, to determine the triangle. 

Let ACB be a triangle, and CD a line drawn perpendicular to 
the base AB. 



Let 



AC 
CB 
CD 
AD 
DB 
e 



X 

y 

z 
a 
b 
ratio. 




11)^ 



27 

- = c, by the conditions 



(1) 



«t «. a« = «2 (Bk. IV., Prop. 11, Cor. 1) . . (2) 
y* - 6* = «« (Bk. IV., Prop. 11, Cor. 1) . • (3). 

Subtracting (3) from (2), member from member, 

«i — y« + 6« - a* = ; or, «« = y« + a* — 6* 



(4)- 



From equation (1) we have 

irsscy; hence, «> = c^y« • . • (5). 
ooinbining (4) and (5), we have 

cy =:y« + a«- &«, and (c* — 1) y« = a« - 6»; 

aexioe, y2 = __; and y=r±^^|— y; 

substituting these values in equation (1), we find the oorrespooding 
values of x. 

Prop. LXXVL — In a trku^ky having given the ha^, the eum of 
the other two sides and the length of a line drawn from the vertical 
angle to the middle of the hose, to find the sides of the triangle* 

Let ABC be a trianglo. nnd CD the line drawn firom tbe vertex 
C to D, the middle point of the base. 

Let AC =« 

BC = y 

AD = 6 

CD =a 

AC + BC = *. 

Then, a? + y = *, by the conditions • • (1) 

and «« + y« = 26* + 2a», (Bk. IV., Prop. 14) • • (*) i 

equation (1), bj transposing and squaring, gives 

y« = «» — 2»a: + >; 

substituting this value in equation (2), we have 

S!«*-2«jr + <' = 26>-f2a'; 




I 
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tansposiiig and raducii^ we have 

26« + 2a» 



:2 — »« = 



-«« 



: whence, 



« = ^r , and X 



_ rf- -/4&g+ 4o»— <» 




Prop. LXXVIL — ^/n a triangle, harling given the two sides about 
the vertical angU^ io^thir vktk a line Useeting (hat aiigle and tehnv 
mting in the base, to find the base, 

Oirtnmsdribe a cht/Ie^bont Hie triangle 
and complete construction as in figure. 
CEB = CAD (B. Ill, If. i8) ; ACD = ECB 
by hypothesis ; hence triangles ACD and 
CEB are similar (B, IV, P. 18, C); 

hence, AC : CE : : CD : CB, 

ora:OE::c:J; .-. CE = -. DE = CE — CD = ?^ — c: 

c c 

but CD X DB =11> X DB (B. IV, P. J?8, O.); that is, 

c{ c) = a;y ; .•.«} — £!* = iry, or aJ = a;y + A (1) 

Again, AD : DB :: AC : CB (B. IV, P. 17), or xvy :: a : ft; 

Finding x and y from (1) iifid' (2), and adfding, we hAve 

Peop. LXXVni. — To determine a right-angled triangle, having 
given the lengths of two lines drawn from the vertices of the acute 
aryles t§ the middle jmiUs^ th4 <^06ite sides. 
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Let ABC be a right angled triangle, and AD, CE, two lines drawn 
to the middle points D and E of the opposite sides. 

Let AD = a 
CE = 6 
AB =2x 
BC =2y 
Then, 4«a + y« = a» (Bk. IV. Prop. 11) . (l) 
and, 4y* + «* = 6« " " « «* ^ ^ /2\^ 
Multiplying equation (1) by 4, and subtracting (2) from it, we have, 

15«3 = 4a3 - 6* ; when, « = ± 4/^ 




<4a« — b* 



15 



and substituting in equation (2) y = di \/- 



4A» - a* 



15 



Prop. LXXIX. — To determine a right-angled triangle, having given 
the perimeter and the radius of the inscribed circle. 

1st. Let ABC be a right angled triangle, O the centre, and r the 
radius of the inscribed circle. 

Let p r= the perimeter ; let x denote the length 
of the equal tangents drawn from A (Bk. III. Prop. 
14, sch.) ; V the length of the equal tangents drawn 
from B ; and y the length of the equal tangents 
drawn from C 

Then, AC = a? + y, AB = « + v, and BC = y + v ; then, 
AC + AB + BC = 2r + 2y + 2v =;?; 

transposing and reducing, 

p — 2v 
J? + y =^--~ — = a, a known quantity • • • (1). 
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Then, AB^ + BC* = AC? : that is, 

x^ '\-2vx + v^ + y* + 2wy +v* = «« . . • . (2). 

2nd. Observe that the double area of each of the triangles AOB, 
BOG, and AOC, is equal to its base multiplied by the radius of the 
inscribed circle ; and hence, the sum of these products is equal to 
the sum of the bases multiplied by r ; that is, = r x p, a known 
quantity. 

But the base AB X BC is also equal to double the area of the 
triangle ABC; hence, 

(x + v) X (y + ») = r X i> ; that is, 
ay + tf« + try + »a = r X p . . . . (3) ; 
Multiplying both numbers of equation (8) by 2, we have, 
2xy + 2vx-^2vy + 2i^ = 2rp . . . (4); 
Mibtracting equation (4) from (2), we have, 

x* — 2xy + y* = o* — 2rp ; whence, by extracting square root, 

« — y = ± ^a^ — 2rp = h (5); 

eombining (1 ) and (5) we readily find the values of x and y , 

a + b , a — 6 

Prop. LXXX, — To determine a triangle^ having given the 609$^ 
the perpendicular^ and the ratio of the two sides. 

Let ACB be a triangle, and CD perpendicular to the base AB. 
Let AC = y, 

r = ratio ; 
then ry = CB 

AB = b 
DB = 6 - ar 
AD = a? 
CD = A. 
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Then, y« = a;»^-A«; and r*y« = ^ — 2^a? + aj« + H 
Multiplying the first equation by f^, and subtracting, 

= &« — 26a; + «« + A« — r«ar* — r^k^ ; whence, 
(1 — r2) «« - 26ar = (r^ - 1) A2 - fts ; or, 



af*- 



26 



l-r2 



(r3-l)A«-it 
• X z=:- —^ — : 



1 -r« 



whenoe, 



_b±: y%^ - 1) A2 _ ^2] (1 _ rg)+"P 
Prop. LXXXL — Te determine a right-angled triangle^ having 

m 

given the hypothenvbse^ and the side of the inscribed square^ 

Let ACB be a right-angled triangle, and FDEB an insoribed 

«)quare. 

Let AC = A, and DF = s : also, 
denote AB by a;, and BC by y ; then CE=:y--«. 
Hien, AB : BC : : DE : EC; 
that is, XI y : : e : y--^; 

whence, a?y — «« = «y ; or, 

xy = 8y + 8X:=i8{x + y) • • (1); 

also, «2 + y» = A« (Bk. IV., Prop. 11) . 

If to equation 2, we add twice equation (1), Vre have 

«» + 2ary + y« = 2« (x + y) + A'; or, 

(« + y)«-2*(arH-y) = A» . . (3), 

which is an equation of the second degree, in which the unknown 
quantity is x + y \ hence, 

« + y =r » + -/A* + *« . . (4). 
Combining equations (1) and (4), we have 

xy =1 s^ ■\- 8 -^A* -!-«*•• (5). 



Jt 


A 


J 

E 


X 






Jl J 


P 1 


S 



(2). 
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troat the eqnue of equation (4), subtnot 4 timea eqnatian {&), 
tai we have 



** - 2«y + y» = A" - 2*^ - 2* t/A» + ** 
otncting the square root of both members, 



eombiTUDg equations (4) and (7), we have 



P), 



< + ••*' + <■ + 


v».- 


2." 


-2» 


i/»- + ^ 




s 








. + •/»' + «'- 


v/».- 


!!i> 


-a. 


/smTT- 



Prop. LXXXH. — TV determine the radii of three eqrtal eireUt, 
ieiertbed wilKtnand tanffenl to, a given arch, and aiKt langml to each 



Let O 1m tbe tMdln of the 
given circle, and A, B and C, 
the centres of the equal in- 
scribed cirClea. 

Denote the radius of the 
pven drcle by B, and the 
eqaal radii of the inscribed 
dreles by r. 

Joining the centres A and 
C C and % B and A, by 
straight lines, we hare the 
equilateral triangle ABC, each 
of whose sides is 3r. Draw COD and prolong it to E, aid it will 
be perpendionlar to AB. 
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KEY. 



Then, in the right-aDgled triangle ACD, we have 

CD2 = A(?-AD», or 

CD2 = 4ra-r3 = 3ra, or CD z= r y/S. 

But since O is the point at which lines drawn from the vertices of 
the angles to the middle points of the opposite sides, in both tri- 
angles, intersect each other, it follows, from Cor. of Prob. 21, thai 

CO = } CD = }r v^; hence, 

OE = R = rH-}r -v/3 ; hence, finally, 
3R R 



r = 



3 + 2V^ 1 +2V| 



Prop. LXXXIII. — In a right-angled triangle^ having given the 
perimeter and the perpendicular let /all from the right angle on the 
hypothenuse, to determine the triangle. 

Let ACB be a right-angled triangle, right angled at C ; and let 
CD be drawn perpendicular to the hypothenuse AB. 

Let p = the perimeter, and 

h = the perpendicular CD, 
Denote AC by ar, and CB by y ; 

then, AB = VS^"+^» *nd -A. 

AC-f CB + AB=:;?; that is. 




Again, 
and 



xg = double the area of ACB 
h '^x* 4- y* = double area 



• t 



(1). 

(2), 
(3); 



hence» 



xy =z h ^x^ + y* 



(4) 
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trmnsposiiig in equation (1) and squanng, 



{x 4- yy = (i> - V^^ + y2)2, 
«» + 2a?y + y« =;?» - 2p -/«» -h y^ + «» + y» 



or 2«y =/>*—%> -vA^ 4- y* • • (6) ; 

iDttltipljing both members of equation (4) by 2, 

2xy =r 2A -/a:* + y2 . . . (6); 
combining equations (5) and (6), 



2A V^a^ + y> = ;?2 _ 2^ -/ar^ + y « ; hence, 



substituting this value of -y/ar* + yS in equation (4), 

squaring both members of equation (7), we have 
adding and subtracting 2 times each member of (8), 



• • 



(»). 



Extracting the square roots of equations (9) and (10), 

, p(p + 2h) ,^_^ 



""^ = — 2Tr+7) — • ^^^^^ 
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hence. *= ^^^^jT^j • (18), 




^_ P {P + g^) -i> V>^ - -^M - 4A^ ,,4x 

Prop. LXXXTV. — To determine a riffki^ingled triangle^ kaviii^ 
piven the hypothenuBe and the difference of two lines drmten from tki 
two acute angles to the centre of the inscribed circle, 

I^t ABC be a right-angled triangle, right-angled at B, and AO, OC, 
two lines drawn from the acute angles to the centre O of the in- 
scribed circle. 

Let AC = A; AO — OC ;= rf, OC = a;; 
then, AO = « -f rf 

Produce AO, and from C draw CD per- 
pendicu^ar to (he prolongation, meeting it 
at D. Then, since the sum of the angles 
BAC and ACB is equal to a right-angle 
(Bk. I, Prop. 25, Cbr. 4), ^d since the lines AO and CO bised 
these angles (Bk. Ill, Prob. 14). OAC + ACO is equal to a half 
ft right-angle. 

Since the outward angle COD is equal to the sum of the inward 
angles (Bk. I, Prop. 25, Cor. 6), it is equal to half a right-angle; 
and "hence, OCD is equal to half a right-angle, ahd'li^nce OD an3 
CD are equal. Denote either by z ; then, 

a?^ = «a + «2 ; and « =s ar VF 
Then, AC^ = AD* + CD* ; that is, 

h*=z{x + d + w vj)* + (« vl)'; 

and by reduction, (2 + V^«»+ rf(2 +V^)a; = A«-iP; cr, 

A> — rf» 
^ 4 ^ — 1 Z. 

2+V^ 
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Let OC = « = i», AO = m + rf, CD = z = w-|/|, 

ABsy, and CBsn. 
Then, since the triangles ACD and AOG are similar, 

k : n,^::m + d : OG = r = '"V^^^"*+'^ } and 

4 : i» + rf + •^ V 1 : : m + rf : AG = ^ ' ^ ■ — ^-^ 

h 

A B = V = AG 4- GB = (^+<^) {m-^-d-^-m y%)+ m y/\(m -4- d) 



Prop. LXXXV. — 2b determine a triangle^ having given the base, 
the perpendicular^ and the difference of the two other sidee. 
Let AQB be a triangle, and CD perpendicular to the base AB 
Let AB=:6, CD = a, AC-BC:=rf, 
BC = a?, AC = x+d^ and DB = z, 
and AD = b—z, 

aen, AC = v«' + (*-^)'; 

and CB = y/d^ + z^ ; hence, 

^a« + (6 - «)« - ^/c^^ = rf. 
1^spo8)ng and squaring, we have 

a2 4. (5 _ ;5)a = rfa + 2rf y/a^ + ^' + «* + «»; 
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sqiiaring b ^ z, in the first member, we have 

whence, by reducing, 



squaring both members, we have 

(62 _ rf2)2 _ 45(62 _ rf2). jp + 462^2 _ 4^2^/2 4. 4^^^! . 

transposing, and collecting the terms, 

4(52 « ^) .«2 _ 45(62 _ rf2) .2? = 4a*cP - (fta - rf»)«; or, 

4a2d2 _ (62 _ cP)2 



_^ 1 /4a^d^ + 2iM^^^^ 
~ 2^2\ fta - cf> » 



from which the sides AC and CB are easily found« 

Prop. LXXXVL — To determine a triangle^ having given the bdse^ 
the perpendicular^ and the rectangle of the other sides. 

Let ACB be a triangle, and CD a line 
drawn perpendicular to the base AB. 

Let AB = 6, CD = («, AC x CB = j ; 

AC = «, and BC = y ; then, 

xy^q ... (1). 
AD = ^x^ — (£2, and DB=-v/y«-.rf»; henoe. 




y/x^-d^ + Vy^-^ = 6 ... (2). 

Transposing, and then squarmg both members of equation (2), we 
haye 

«» — (? = &» — ^by/y*-- cP 4- ya _ ^ . 
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whence, («• — y*) — ft* = — 2& ypTT^ squaring again, 

x* - 2xY + y* — 26» (a?» - y2) + 6* = 4^V - 4**^1 reducing, 
ic* — 2a?2y3 + y* — 252(a!a + y2) _. _ ^4 _ 452^ . . (3)^ 

Adding 4 times the square of each menober of (1), 

«♦ + 2«V* + y* - 26» («« + y>) = 4^2 - 6* — 4*2rfa ; or, 
(^ + y^f - 263 (a.2 + y2) ^ 4^3 _ ^ _ 452^, 

Regarding x^ + y^ as a single unknown quantity, we have 

«a 4- y2 = 6« ± -/4y2 - 462cP . . . (4) . 
then, by adding twice each member of equation (1), 

a^ + 2xy + x^=z2q +6«± -y/^q^ — 46'e^ ; or, 



« + y = -/2g + 6» db y/4q^ — 46»rf3 = m ; 
subtracting from equation (4), twice equation (1), 



«* — 2iry + a;«=— 2^ +62± -/V — 4**rf* ; or, 



J? — y=±-/— 2^ + 62 db '/4g2 — 462^2 = n ; 

m + n , m -^ n 

nence, « = — - — , and y = — - — • 

Prop. LXXXVII. — To determine a triangle^ hiving given the 
kngtks of three lines drawn from the three angles to the middle of 
ihe opposite sides. 

Let ACB be a triangle, and AE, BG, CD, three lines drawn from 
the vertices to the middle points of the opposite sides. 

Let CD=a, AE=6, BG=c, AC=ar, 
BC=y, and AB=z: then, 

,1 + y2 = 2a2 + ^ (Bk. IV. Prop. 14), 



«» + «2 = 262 + ^; y2+^2^2c2 + -; 
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dealing of fractions and transposing, we have 
2«« + V - «' = 4o* • • • (1) 
2«« f 22» - y* = 46» . . . (2) 
2y» + 2«2 — «*== 4<j» • • • (3); 

fluoCractkig equatioti (2) from ()), wehai^e 

multiplying equation (S) by 2, and adding to (2), 

subtracting equatioh (4) firom (9), 

9«» = 8«» + 4^ - 4a» -h 4A» ; 

«= =fc } v^2 + 2r» - o« 




W; 



(6); 



hence, 



as =2 =fc t V^a^ + 2^ -^ c» 
y =s db f V2a2 ^ 2c2 — 62. 

Cor, Through G and E, the middle points of AC and BC, draw 
6E ; then will GE be parallel to the base AB (Bic. 1 /. Prop. 16) : 
and since AC is equal to twice CG, AD will be equal to twice GP, 
or its equal PE. 

But thie triangles AOD and POE are similar ; and, since AD is 
equal to twice PE, AO is equal to twice OE ; thiat is, 

If three lines be drawn from the vertices of the three angUe of a 
triangle to the middle points of the opposite sides, the distance from 
either vertex to the point of intersection^ will be two-thirds of thi 
bisecting line. 

Prop. LXXXVIIL — In a triangle, having given the three sides, to 
find the radius of the inscribed circle. 

Let ABC be a triangle, CD perpendicular to the base, O the 
centre, and OP the radius of the insicribed circle. 
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Let 



BC»:a, AB = c, AC = 6, 
OP = r, AD = «, CD = X. 

aj8 = 6» - 28 . . . (1), 

a^ = €^ — (c — «)*4 whence, 

58 — 218 = fl^ — c8 + 2c2 — 28; therefore, 

5» + <« — a« 




2 = 



2c 



combining with equation (1), 



_ V^4feM — (y + €« — a8)8 

area = (a + ^ + c) ^ r = ^^ car] whence, 

ex V4Wc8-. (52 + c3 — a«)2 

a + 6 + c 2 (a .+ 5 -^ c) 

Prop. LXXXIX. — T0 determine « rigkiiangled triangle, hcofing 
gmi^ tie Me of the inscribed ^quotre, <md 4he reuUtie of the inscribed 
driiU. 

Let ABC be a light-angled triangle, with a sqnare and circle both 

iBBCfliMMla 

Let AB = «, BC = y, and A€ = «: 

denote the .'Side of the «qu«re by 9, and tbe radius 
of tlje circfe hy r» 

Theij, 0? + y — 2 = «f (Prop, LXXtX, Key) . (1 ), 
«» + y»=2J» {2),t- 

and a? + y = J?. 4. Vi» + j» (Prop. LXXXI, Key) . . (3). 

Combining equations (1) and (8), and transposing, 

« -I- 2r — « = V2* 4- <* ; squarinjg, 
s^ + 4r8 f fi8 + 4r2 — . 2*2 — 4r« = ^ + «8; 
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whence, z = — • • • (4)5 

combining equations (4) and (1), 

« + y = = m, and equation (2) gives 

(2r« — 2r3)» 
■*■ ^ "^ (2r — gy ~ ' whence, 



a? = ^ (w + V2r^ — m2), 
y = ^ (wi — . V2r^ — IT?). 

Prop. XC. — To determine a right-angled triangle, having given the 
hypothenuse and radius of the inscribed circle. 

Let ABO be a right-angled triangle, and O the centre of the in- 
scribed circle. 

Let AC = A, AB = ar, BC = y, 

and r = the radius of the circle. 

a? + y = A + 2r (Prop. LXXIX, Key) . (1) 
a^ + y8= A2 ......... . (2). 

Since the perimeter is equal to 2A + ^^y and since four times the 
area is equal to the perimeter into 2r, 

2ary = 4r3 + 4Ar . . . (3) ; 

subtracting equation (3) from (2), and extracting the square root, 

X ^y :=z VA» — 4r3 — 4rA . . . (4); 

combining (4) and (1), 

A + 2r + VA* — 4»« — 4rA 




X = 



y = 



2 

A + 2r — VA8 — 4^ — 4rA 
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KEY. 



BOOK I. 

1. — Sh rx thai ike lines which bisect (halve) tioo vertical angles, 
form one and the same straight line. 

Let COA and BOD be two vertical angles, and let OP and 
OQ be the lines which bisect 
them, then will OP and OQ 
form one and the same 
straight line. 

Since (P. IL) COA = 
BOD, POA=BOQ (A, 7); 
hence OOA = COP + BOQ: but COA + COB = 2 right 
angles (P. L), and substituting for COA, its equal, COP + BOQ, 
we have COP + BOQ + COB = 2 right angles or, since COP + 
COB = BOP, we have BOP + BOQ = 2 right angles ; hence 

NOTE. — ^In making references, the following abbreviations are em- 
ployed, viz. : A for Axiom ; B. for Book ; C. for Corollary ; D. for Definition ; 
E. for Exerdse ; P. for Proposition ; Prob. for Problem ; and S. for Scholium. 
In referridg to the same Book of the Legendre in which the exercise occurs, 
the namb^ of the Book is not given ; in referring to any other Book, the 
number of the Book w given. 




74 KEY. 

(P. IV.) OP and OQ form one and the same straight line ; which 
was to be proved. 

2. — Oiven two lines, BE and AD : jcfin B with D and A with E; 
and show that BD + AE is greater than BE + AD. 

In the triangle BOE, BO + OE > BE <P. VIL) and in the 
triangle DCA, CD + CA 
> AD ; hence, BO + OD + i. 
CE + CA > BE + AD, 
hnt the first member of this 
inequality is equal to BD + AE, and therefore, BD + AE is 
greater than BE + AD : which was to be proved, 

3. — One of the two interior angles on the same side^ formed by a 
straight line meeting twoparaUds, is one-half of a right angle; what 
is the other angle equaJi tof 

Since the sum of the two interior angles on the Mtne 'side id 
equal to two right angles, (P. XX.), if one of them ife* One-h&ff of 
a 'right angle, the other must be equal H ri^t itngles. 




-. \ . 



4. — The sum of tvx) angles of a 'triangle is ^ of a right angle ; 
ichat is the other angle equal tot 

Since the sum of the three angles is equal to two right angk% 
(P. XXV), the other angle must be equal to f of a right angle. 

5. — One tf the aciiHe angles of a right angled' (HMj^le 'ik\ of a 
'right angle ; what ^is'ihe other f 

Since the sum of the acute angled of a right angled triangle 
is equal to a right angle (P. XXV, 0. 4) the dther i^c'ttte atigle 
must be f of a right angle. 
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6. — 8kcM ikfU the Ime fjokich bisects ike esolerior verlictd ^mfile of 
an isascetes triangle isparalld to the base ^ the triangle, 

L6t ABC be an isosceles hidngliB, AB being equal to AC, 
GAE the exterior v^rtfcftl 
j|ligle> %tid AD tte line which 
bisects that angte : %ben is 
AD paraUel to BO. 

The exterior angle CAE 
is equal to the sam of the 
interior and opposite angles, 
ABC and ACB (P. XXV, 
0. 6), and since ABC and ACB »re eqtiai (P. XL>, CAE ttz 
2 ACB ; and hence CAD, half of CAE, equals ACB : therefore, 
the two lines AD and Bd are parallel (P. XIX, C. l);johich was 
to he proved. 

y.-'-She sum qf the interior angles qf « poison is 12 right 
angles; what is the polygon f 

Twe right fti^les taken as nofany tisies, lesB two, as this poly- 
^H has sides mvst be equal to 12 right angfes (P. XXVI^) ; 
hence the number of sides less two is 6, and, therefore^ the nuxi- 
ber of sides is 8, and the polygon is an octagon. 

8. — W?iat is the sum qf the interior angles qf a fieptagon equal to? 

The sum of the angles is equal to 2 right angles taken 7 — 2, 
or 5, times (P. XXVL)> f. e. 10 right angles. 

'^c^'Th^ um qfflije angles of u ffiven *eiptiangukcr pdtygon is 8 
right angles; what is the polygon f 
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Bepresent the number of sides and, consequently, the num- 
ber of angles by n ; then, since each angle is f of a right 
angle, the sum of all the angles will be | multiplied by the 
number of angles, or f m. But the sum of all the angles is equal 
to two right angles taken as many times, less two, as the poly- 
gon has sides (P. XXVI), or 2 (» — 2); hence, 

2 (» — 2) = In, 

or 2» — 4 = f ». 

Clearing of fractions, lOn — 20 = 8» ; 

transposing and reducing, 2n = 20 ; 
hence, « = 10. 

The polygon has 10 sides and is a decagon. 



/ 



10. — What part of a right angle is an angle of am equiangvlaT 
decagon f 

The sum of all the angles of the decagon is 16 right angles 
(P. XXVI); hence, each angle is \\ or f of a right angle 
(P. XXVI, C. 4). 

11. — How many sides has a polygon in which the sum of (he 
interior angles is equal to the sum of the exterior angles t 

Since the sum of the exterior angles is equal to 4 right 
angles (P. XXVII), the sum of the interior angles must be equal 
to 4 right angles ; and, hence, the polygon is a quadrilateral 
(P. XXVI, 0. 1). 
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12. — CoTidrwA a square, having given one of Us diagonals. 

Let .AB be the given diagonal. 
Fhrough the middle point, 0^ of AB 
iraw CD perpendicular to AB, and 
nake it eqaal to AB and bisected at ; 
oin the extremities of these lines, and 
ihe resulting figure, ACBD, will be the 
square required ; for 

In the right-angled triangles AOD 
md DOB, AO = OB by construcfcion, and OD is common, 
iience they are equal in all their parts (P. V), and AD = DB ; 
in like manner it may be shown that DB = BC, and BC = CA ; 
Iience the figure is a parallelogram (P. XXIX) with all its sides 
3qual. Again, in the triangles AOD and DOB, the angle ODA 
opposite the side OA is equal to the angle ODB opposite the 
3qual side OB (P. X, S.) ; and since the angle OAD equals ODA 
(P. XI>, OAD equals ODB. But the sum of the angles ODA 
md OAD is a right angle (P. XXV, 0. 4), and, therefore, the 
mm of ODA and ODB, or ADB, is a right angle. In like man- 
nanner, DBG and the remaining angles of the figure may be 
shown to be right angles. Therefore, AODB is. a square (D. 28, 
1st) constructed on the given diagonal. 

13. — An angle is f of a right angle; what is its complement and 
what its supplement? 

Since the complement of an angle is the difference between 
that angle and a right angle, and the supplement is the differ- 
ence between that angle and two right angles, the complement 
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is I of a right angle, and tlie supplarnQnt ia 4 of two right 
angles, or f of one right ^ngle. 

14. — Show thai any tioo adj9ceni &ngk9 of a p&raUeh^^rmn are 
supplements of each other. 
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In the parallelogram ABCD, 
the sum of two adjacent angles, 
as BAD and ADC, is equal to 
two right angles (P. XX), and 
hence each is a supplement of 
the other. 

15. — Show tiuU if two paraUeh^^ttms have one angle in aaah 
equaly their remaining angles unU be ^qiml eoK^ to each. 
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Tiet the two parallelogrami have the ugles A amd B equal ) 
then will the remaining angles be equal. The angles D and H 
will be equal» for they are supplements of the equal -anj^aa A 
and E ; for a like reason B is equal ^ 7, and to 0( whieh 

was to be proved, 

16. — Show that if two sides <f a quadrilateral are par^Hd and two 
opposite angles equ^j the figure is a paraUelogram. 

Let ABGP be a quadrilateral in which AD if p^mUe) to 30| 
and the angle A is equal to the aogl^ Q ; tb#ii )§ A^P H P^^ 
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allelograTn. Draw BD ; then, since J^D and 

Bp are parallel and BD, cuts them, thei angle 

ADB equals the angle DBO (P. XX, C. 2) ; 

in the triapgles ADB and DBC, the angle A. 

equals the angle by hypothesis, the angle 

ABB equals the angle DBC as just shown, therefore the angle 

ABD equals the angle BDC (P. XXV, C. %) ; hence the sides 

AB and DO are pan^Uel (f. XIX, C. 1), an4 hence the figure is 

a parallelogram (D. 28) ; which was to be proved. 

17. — Show that if (he, opfo&ite angks cf a^ qmclrilcUeral are eqtud, 
each to ecjo^, the figure is a parallelogram. 

Let tl^Q a-ngle A = anglQ G, and aiigle B 
= angle D ; then is ABCD a parallelogram, 
^ipce A = C fm4 B = H, the sum of A an<i 

B is equal to the sum of C and D, and sinqq J[ ; ^ 

the sum of all the interior angles of the 
quadrilateral is equal to 4 right angles (P. XXVI, 0. 1), the 
sum of A and B is two right angles ; ^ei^qs AD and BO are 
parallel (P. XIX). In like manner, AR and BO may be proved 
parallel :* hence ABOD is a. parallelogram (D. 28) ; which was to 
be proved. 

18. — Show that the lines which bisect the angles of any quadri- 
lateral form, by their inten^voriy anoiJ^ quadrUaierd^ the opposite 
angles of which are supplements of each oih/er. 

Let ODEP be a quadrilateral, and DA, EA, FB, apd OB, 
the lines which bisect the angles. 

The sum of the 4 angles of the quadrilateral is equal to 4 
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right angles (P. XXVI, C. 1) ; c^,: ■ — tjF 

or, denoting the angles by the 

letters C, D, E, F, and 1 right ^ "^ ^ 

angle by R, we have / ^^.^^ \/^^ 

C + D + E + F == 4B, (1) ^ 

or by transposition, ...^^^ 

+ F = 411 - (D + E) ; 

and dividing by 2, 

i(C + F) = 2B-iP + E), (2) 

But ADE and AED are, respectively, equal to |D and |E, 
and hence we have for the angle DAE (P. XXV, C. 1), denoted 
by A, 

A = 2B~1(D + E); (3) 

hence we have, (A. 1), trom (2) and (3), 

A = i(0 + F) (4) 

In the same way, we have 

B = i(D + E) (5) 

Hence, from (4) and (5), by addition we have 

A + B = 1 (C + F + D + E). 

Hence, (A. 1), A + B = 2B; 

and, therefore, A and B are supplements of each other (p. 49**, 
Note 2) ; vMch was to be proved. 
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1. — Draw a circwmference cfif^ven radius through two given 
points. 

Let P and Q be the two gi?en points^ 
and let the given radius be equal to MN. 
Join P and Q by the line PQ, and bisect 
PQ by the perpendicalar DA, the centre of 
the required circle will be somewhere upon 
the line DA (P. VI, C). With one of the 
given points, as P, as a centre, and a radius equal to MN, describe 
an arc cutting DA in ; is equally distant from P and Q 
(B. I, P. XVI), and is at adistance MN from each ; with as a 
centre, and a radius equal to MN, describe a circle, and it will 
be the circle required. 

2. — Contract an equilateral triangle^ hairing given one of U8 
indea. 

Let the given side be AB : from A as a 
centre, and with AB as a radius, describe an 
arc ; then from B as a centre, and with the 
same radius, describe a second arc cutting 
the first at ; join with A and B by the 
lines OA and GB; ABO is the triangle 
required. 
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3. — At a point on a given straighi line, construct an angle of S(P^ 

Let EF be the given line, and 
A a point of it ; with A as a cen- 
tre and any conventent radius, «a 
AB, describe an arc ; then with 
B as a/Q0«]Ltr« Md tbe Aswe x^A^s 
describe a second arc intersecting 

the first at G ; draw AC ; BAC is equal to an an^le of an equi- 
lateral trHkngle (see preceding exercise), and is therefore equal 
to I of a right angle (B. I, P. XXV, C. 6), that is f of 90% or 
60=^ ; bisect the angle BAC (Prob. V) by the line AD ; BAD, 
being half ^ BAC, is equaVto 30^ and is the angle required. 

4. — Through a guoen poimi voUhovt ^ gvnen line, draw m Uae 
forming mA the giinen Une an angle of^ff^. 

Let AB %e the given liiie 
and <3 the given point. 
Prom e draw CD perpea* 
dicular to AB (Prob. Ill) ; 
from C and D as centres 
and a radius equal to CD, 

describe two arcs intersecting in E ; draw DE and CE ; then 
DEC is ^ii equilateral trfangle (S. %^ Key^ juid ^acsti at ttiS juigles 
is equal to f of a right ftiigk, or 60° (B. I, 9. XXV, fl> j5)$jw^ 
long CE to H, then is CS the Hne sequieed. For In iiie rigbt- 
angled triangle CHD, the smn €f the twoaeute an^bp JifLQ ftD4 
DCH, is equ^ to a right aagk <B. I, P. XXV, 0. 4), or 90** ; 
and DCH being equal to 60% DEC mart be c^nal to 90"" ^ W% 
or 30°. 




EXBBOISES FBOU LSQENDBE, BOOK IIL 



83 




V 



\ 



k 



'0^ 



\. 



5.— -4 Hp^ S fiei Ifing if m^ <U pne pq^ficpn^ity ^y a second line, 
mcMng wph U an (ingjf of^f^ } ^'Wj? t^^ ce^^re of (he c^clf of if^hich 
the first line is a chord and the second a tangent. 

Draw an ind^finii;!^ line AD, and qj^ 
it, on any convjenient scflJe,* lay off 
AP equal to j8 i^et ; from A draw AO, 
making wiJJi AD an angle of 30° 
(E. 3) ; this will be the second line. 
From M, the middle point of AB, 
draw a perpendicular to AB; it will 
pass through the required centre (P. 

VI, C.) ; at A draw a perpendicular to ~ 

AC, it will also pass through the required centre (P. IX) ; and 
since the centre is upon both the lines, ijk must be at their point 
of intersection, ; hence is the centre required. 

Q.'-^jIow mojdy degrees iji an .mgk ijji^scr^d in an arc of 135^ f 

Let ABO be inscribed in an arc of 
m"". Since t^ie arc ABC contains 13&°, 
and the whole circumference contains 
360'', the arc AQC must contain 225° ; 
as ABC is measured by lialf the arc 
AQC (P. XVIII), it contains i of 225^ 
or 112^**. 




^ Jn making t^ above and similar constructions, some convenient 
length 4s 4Akem as a unit, or 1. In .the above, | of ftp inch represents a foot, 
and, consequently, 1 inch would rqprea^t.^ fe^t, and the scale is said to 1)9 
9frptto,t^9^cli. 
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7. — How many degrees in the angle formed by tvoo secants meet' 
ing withovi the circle and including arcs of 60^ and 110° f 

The angle QPB is meas- 
nred by half the difference of 
the intercepted arcs (P. XX) ; 
hence, angle QPB = ^ (110** 
- 60°) = 25°. 

8. — At one extremity of a chord, which divides the circumfer- 
ence into (too arcs of 290° and 70° respectively, a tangent is dravm; 
how many degrees in each of the angles formed by the tangent and 
the chord? 

The angle QAB is measured by half 
the arc APE (P. XXI) ; that is, half of 
70° or 35°. 

The angle PAB is measured by half 
the arc ACB ; i. «., half of 290^ 
or 145^. 

9. — Show thai the sum of the aUemate angles of an inscribed 
hexagon is equal to four right angles. 

The angle ABC is measured by half 
the arc APEDO (P. XVIII) ; CDE is 
measured by half the arc EFABC ; EPA 
is measured by half the arc ABODE; 
hence, by addition, ABC + CDE + EPA 
is measured by \ (AFEDC + EFABC 
+ ABCDE) ; but the quantity in the 
parenthesis is equal to twice the circumference of the circle ACF, 
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and half of it is equal to the circumference ; hence the sum of 
the alternate angles ABC, CDE, EFA, being measured by the 
circumference of a circle, is equal to 4 right angles (P. XVII, 
S.) ; which was to he proved. 

10.— The sides of a triangle are 3, 5, and 7 feet; construct the 
triangle. 

Draw AB on any scale (See ^c, 

R 5, Key), and make it equal 
to 7 feet. With A as a centre 
and a radius equal to 3 feet, 
describe an arc; then with B 
as a centre . and a radius equal to 5 feet, describe a second 
arc ; from the point of intersection of the two arcs, C, to A and 
B, draw the lines GA and OB; ABO will be the triangle 
required. 

11. — ISiow that the three perpendicvlars erected at the middle 
points of the three sides of a triangle meet in a common point. 

Let ABO be the triangle. 
Through its three yertices pass the 
circumference of a circle (P. VII), 
the sides of the triangle will then 
be chords of this circle; at 
the middle point of each of the 
sides, erect a perpendicular ; each 
perpendicular will pass through 
the centre of the circle (P. VI, 0.), 
and, hence, the three perpendiculars will meet in a common 
point; which was to be proved. 




9» 



M^: 




12.— Gonslryct an mmele/s triangle ydU^ a yiven haae ap4. a 
given j^lvofU angle. 

Let AB be the given 
base. Prolong AB to 0, 
and «t B eonstraci; the an- 
gle CBD, equal to the given 
vertical angle (Prob. IV) ; 
bisect the angle DBA (Prob. 
V) by the line BE ; at the 

point A cQAstruct the J&.Qgle BAE equal to i^ ai3g]^ A?^> t^^ 
will AEB be the angle required. For, ^nce ti^e angla A h 
equal to the angle ABE, tiuL^ side EA is eqvial it(9 tiie si^e E]^ 
(B. I, P. XII), wd the triangle is isodcejLes ; jtbe angle ^BC i^ 
eq^al to the sum of tiie angles A aad E (B. I^ P. ^XV, O. 6) ; 
the angle EBA is equal to the angle EBD by constructipo^ and, 
therefore, the aujgle A is equal to EBD ; hencQ the angle E is 
equal to the angle DBC, which is by construction ,equ^ to the 
given vertical angle. 

18. — At a point on a given straight line, construct a^tangle 

of J,5\ 

Let AB be the given line 
and .0 a point on the line. 
At 0, draw the perpendicular 
OD (Prob. II) ; bisect the an- 
gle BOD (Prob. V) by the line 
.00, ftnd BOO being half ^ 
right angle, is an angle of 45°. 
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14 — (hndruot a» i^cmcdm trianglfi m tkflt $hfi keusfi sbqU be a 
given Imt mui ^ veHied angle a right angle. 

Let AB be jtb.e ^sm b^gie, 4* 
A and B draw lines, each making 
witk the line AB an angle of 46^, 
and prolong them till they mee^ pi 
C, then will ACB be the reqi;ii;ppd 
tfiaagle ; for sin^ the angles A and 
B are equal, the triangle is isosceles (B. 1, P. XII) ; and since 
A and B are each ^^ their sopi is .90'^^ or a ri^ght angle ; ^nd as 
the sum of the tl^e angles is nxfOii^ to two right angles, the 
remainijjgjangieTMrarfight angle. 




i|^. — Pmsiinjk9t fl t^iun^, ham^tg giKus^i one (su^le^ one of ijts in- 
cluding sides, and the difference of the two other sides. 



Draw the indefinite line 
B^ on it lay off BD eqaal to 



two 



^^ei^no^ of t^KB 
5 iit h,m^ tfi^ Kfli^ 



BQ..i)onstruct the angle DBA 



q^t< 




eqMpto the given an^le (Prob. 

IV), and draw BA, making it 

equal to^he given including side ; draw AD ; at A, on the line 

DA9 coDstrud; the ikngk DA6 >equal to the QD^, And di^w AC ; 

Ihen AC is ^ual to DC (B. I, P. XII), aud BC r- A£l equals 

SO — CD, -or BD, the given diffiauBuc^ .of .the tw^Q si4,^; heaoe 

6A<} is the triangle required. ^ 
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16. — From a given poirdy Ay unlhotU a cirdey draw the tangentSy 
AB and AOy and at any pointy D, in the induded arCy draw a third 
tangent and produce it to meet the two others ; show that the three 
tangents form a triangle whose perimeter is constant. 

For, AH = AC - HO, 

AE = AB - EB, 

HE = HD + ED, 

and by addition, 

AH + AE + HE = AC - HO + AB 
— EB + HD + ED; 

or, by changing the order of terms in the 
second member of the equation, 

AH + AE + HE = AC + HD - HO + AB + BD - EB. 

But from (Prob. XIV, 0.), HD = HO and ED = EB; hence. 

by reduction, 

AH + AE + HE = AO + AB; 

that is, the perimeter of the triangle is equal to the sni^u^ the 
two tangents drawn from A, a constant quantity; which rkis to 
be proved. ^ 

17. — On a straight line 5 feet long, construct a circular segment 
that shall contain (in angle of SO^. 

. Draw AB and make it equal to five feet in length, 
according to the scale adopted. Prolong AB towards D ; 
at B construct the angle DBE equal to 30° (E. 3) ; draw 
BO perpendicular to BE (Prob. II), and at the middle 
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point G, of AB, draw GO per- 
pendicular to AB ; from their 
point of intersection^ 0, as a 
centre, with a radins OB, de- 
scribe the arc AMB, then will 
the segment AMB be the seg- 
ment required. For the angle 
ABF, equal to EBD (B. I, 
P. II), is measured by half the 
arc AKB (P. XXI), and the 

inscribed angle AMB is measured by half the same arc (P. 
XVIII) ; hence the angle AMB is equal to the angle EBD, and, 
consequently, to 30°, 

18. — Show that parallel tangents to a circle indude semidrcuni' 
ferencea bettoeen their points of contact. 

Let AB and OD be parallel tan- 
gents to the circle whose centre is 
O ; then will the arcs PRQ and 
PSQ, contained between their points 
of contacts, P and Q, be semicircum- 
ferences. For, from the centre, 0, 
draw OQ to tlie point of contact of 
CD ; it will be perpendicular to CD 

(P. IX) ; prolong QO till it meets the tangent AB, then will QO 
prolonged be perpendicular to AB (B. I, P. XX, C. 1); since 
QO prolonged is perpendicular to AB, it must meet AB at the 
point of contact P, for if it does not, let it meet AB in E ; draw 
OP to the point of contact and it will be perpendicular to AB 
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(P. IX), and we shall have two p^rpwdical^^ PP bjx^ QE^ 
drawn from the same point, 0, to. the same straight line^ AB, 
which is impossible (B. 1, P. XIV) ; heQ9e QO prolonged inust 
meet AB at the point of contact P ; tterpfoyej t}ie li^e fQ, jpip- 
ing the points of contact of the parallel tangents is a diameter of 
the circle, and the arcs, PRQ and PSQ, included betyeep the 
points of contact, are semicircumferencea (P. I) ; which y^o^ to 
he proved, 

19. — Show thai four circles can be drawn tangent to three mter- 
aecting straight lines. 

Let AB, CD, and EF, be 
three lines which intersect 
at the points O, H, and I. 
In the triangle GHI, inscribe 
the circle whose centre is K 
(Prob. XV). Bisect the an- 
gles BGI and GIF (Prob. V) 
by the lines GL and IM, and 
from their point of iptersec- 
tipn, 0, draw OQ, OP, and 
and ON perpendicular, respeqtively, to GB, GI, and IF ; in the 
right-angled triangles OGQ ^d OGP, the apgle OQG eqiials the 
angle OPG, since each is a right angle ; OGQ equals OGP by 
construction ; therefore the remaining angles, QOG and GOP, are 
equal (B. I, P. XXV, C. 2) ; the side OG is common, and there- 
fore the tpangle,8 are equal in all their parts (B. I, f. VI) ; hence 
DQ is pqual to OP ; in like manner, OP may be shown equal to ON ; 
then witl^ Q as a centre and OQ as a radius^ describe a circle ^ it 
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will be tangent to each of the three given lines (P. IX). In 
like manner, bisect the angles CGH and GHE by the lines GR 
and HB, and with their point of intersection, R, as a centre, 
and a radius eqaal to RT, th^ perpencficular distance to any 
one of the given lines, describe a circle ; it will be tangent to 
the tbree. given lines ; bisect, qIso, the angles AHI ^ud HID 
by the lines HS and IS, and with their point of intersection, S, 
as a centre, and SX as a radius, describe the fourth pircle tan- 
gent to the three given intersecting IJnes. 
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1.- 'The altitude of an isosceles triangle is Sfcety each of the equal 
sides is 5 feel ; find the area. 

Let ABC be the triangle, 
in which AB is 6 feet and 
BD is 3 feet. AD is one-half 
the base (B. I, P. XI, C. 2). 

AD^ = AB" - BD^ (P. XI), 




hence AD^ = 25-9 = 16, 

and AD = 4 ; the area of ABC is equal to AD multiplied by 
DB (P. VI), and hence is equal to 4 x 3 = 12 square feet ; 
which is the area required. 

2. — ITie parallel sides of a trapezoid are 8 and 10 feet, and the 
aUilude is 6 feet / what is the area 9 

From P. VII, the area is equal to the altitude multiplied by 

half the sum of its parallel sides ; t. c, to 6 x — ^ — = 6x9 
= 54 square feet. 

3. — The sides of a triangle are 60, 80, and 100 feet ; the diame- 
ter of the inscribed circle is 40 feet ; find the area. 

The diameter of the inscribed circle being 40 feet, the 

radius is 20 feet ; hence (P. VI, C. 2) the area is equal to 
60 + 80 + 100 



2 



X 20 = 120 X 20 = 2400 square feet. 



£XEfiGI8£S FBOH LEGEl^DBB, BOOK lY. 



93 




^.—ConstriLct a square equal to the sum of the aquarea whose 
sides are, respectivdyj 16, 12, 8, 4, ond 2 units in length. 

Take any convenient 
seale^ and lay off AB equal 
to 2 units of it ; at B erect 
BO perpendicular to AB, 
and make it equal to 4 
units of the scale ; AC will 
be the side of a square 
equal to the sum of the ' 

squares whose sides are 4 and 2 (P. XI). At A erect AD per- 
pendicular to AG and make it equal to 8 units, and draw DO ; 
DO will be the side of a square equal to the sum of the squares 
whose sides are AO and 8, i, e., 2, 4, and 8. At D erect DE 
perpendicular to DO and make it equal to 12 units of the scale, 
and draw EO ; EO will be the side of a square equal to the sum of 
the squares whose sides are DO and 12, i, e., 2, 4, 8, and 12. At 
C erect OH perpendicular to EC, and make it equal to 16 units; 
EH .will be the side of a square equal to the sum of the squares 
whose sides are EO and OH ; i. e., 2, 4, 8, 12, and 16, and 
hence is the side of the required square ; on EH, as a side, con- 
struct a square by drawing at E and H straight lines perpendic- 
ular to EH and equal to it, and connecting the extremities of 
the perpendiculars, and it will be the square required. 

Or, the required construction may be made without making 
the seyeral separate constructions, by adding together the 
squares of the several given sides, and taking the square root of 
the result 9» the side of the required square. The sum of the 
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sqnaires of the giveh shies is 484, the square root of whidi is 22. 
Then draw a line, as EH, equal to 22 units of the scale taken and 
construct on it a square, as before. 

t.—Show that the sum of the three perpertcHcuUhrs, drawn from 
any poM toithin an equilateral triangle to Vie khree std^ « ejtidZ U 
the altitude <f the triangle. 

Let ABO be an equilateral tri- 
angle, and BD its altitude. From 
0, a point within the triangle, 
draw OP, OQ, and OB, perpen- 
dicular to the sides AO, OB, and 
B A, respectively ; then will OP + 
OQ + OB = BD. Through 
draw EF parallel to AC (B. Ill, 
Prob. VI) ; from draw OH par- 
allel to 3B0 ; frotn E draw EG parallel to OQ, it will be perpen- 
dicular to BO and its parallel OH (B. I, P. XX, C. 1). In the 
'triangles ABC and EOII, we have the angle EOH equal the angle 
ACS (B. I, P. XXIV), the angle HEO equal the angle BAG, 
and EHO equal ABC (B. I, P. XX, C. 3) ; hence ttie two tri- 
angles are mutually equiangular and, therefore, nmilar (P. 
XVIII) ; consequently, since the triangle ABC is equilateral, 
!B0H is also equilateral, and its altitude EK is equal to its alti- 
tude OR (see Note at the end) ; EG is equal to OQ (B. I, P. 
XXVIII, a 2) ; therefore, the sum of EE and EO, <Nr EQv is 
equal to the sum of the two perpendiculars OB and OQ. The 
triangles B£F and BAC htive the angle B common, the angles 
BEF and BAG equal, and BFE equal to BCA <& I, P. XX, 
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0. 8) ; tfaeifefore they are muttiiedly equiangular amd heui^fe sf mi- 
lar (P. XVni) ; conseqtiently, BEF is an eqWlateral 'triangle^ 
and its altitude EG is equal to its altitWde BL ; hehce^ BL is 
equal to the sum of the perpendiculars OR and OQ ; LD is 
equal to OP (ft. I, P. XXVllI, C. i) ; therefore, 6d, which is 
equal to BL + Ll), is eqirU lo t^e ffum of the Ihtee perpen- 
diculars OS, OQ, and OP ; wh^dh 
was to beprHjived. 

Note.— The thi^ altititdes of frn eqai- 
lateral triangle are equal to each oiltbT. 
For, in the right-angled triangles BI)C arid 
AFC, BC = AC, by h jpolfhesis ; FC = 
DC, being halves of equ&l sides ; hence, 
the triangles are eqiliil in all their parts 
(B. I. P. XVII) ; hence, AF = BD ; in 
like manner, Cfc = !b6. 

6. ^^iSWw thhi '{he rfmh of the ^^iquctres Of tido 'Hn^s, draim from 
any point ih th^ cirot^erehee of tf circts to Mb pdirUs on (he 
diameter of the circle equidistant from the centre^ wiU be always the 
same. 

Let the points E and F be equi- 
distant from the centre, C, of the 
circle ADB ; draw DE and DF ; 
then will DE* + DF* be a constant 
quantity; t. e., will always b6 the 
same, no matter at what point of 
the circumference D is taken. Draw 
CD ; since the point E is fixed, CB 
y^fxidttttrs coostsdi, and OD, 'beitfg the tadius, remains oonst^t 
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no matter at what point of the circumference D is taken ; hence, 

*DE* + DF equal to 2G^ + 2CD^ (P. XIV), is the same for 
every point of the circumference; which was to be proved. 

7. — ITie distance of a chords 8 feet long, from the centre of a 
circle, %B Sfeet ; whaJt is the diameter of the circle f 

Let the chord AB be 8 feet long, 
and the distance CD, 3 feet ; CD bi- 
sects the choi-d AB (B. Ill, P. VI), 
hence AD is equal to 4 feet. In the 
right-angled triangle CD A, CA* = 
CD* + DA* (P. XI) ; hence OA* = 
9 + 16 = 26, and CA, the radius of 
the circle, is equal to 5 feet; and 
hence the diameter, which is twice the radius, is 10 feet. 

8. — Construct a triangle, having given the vertical angle, the line 
bisecting the base, and the angle which the bisecting line makes with 
the base. 

Draw AC ; at some point 
of it, as D, draw DE, mak- 
ing with CA an angle equal 
to the given angle, which 
the bisecting line makes 
with the base (B. Ill, Prob. 
IV); lay off DP equal to 
DQ, any convenient length ; 
on QP construct a segment 
QBP, which shall contain an angle equal to the given vertical 
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angle (B. Ill, Prob. XVI) ; from the point B, where the arc of 
the segment cuts the line DE, draw RP and RQ; from E, draw 
EC and EA, respectively parallel to RP and RQ ; then is AEC 
the triangle required. For, the angle AEC is equal to the angle 
QRP (B. 1, P. XXIV), and hence to the given vertical angle; 
the triangles ADE and QDB, since QR is parallel to AE, are 
similar (P. XVIII), and ^ 

AD : QD :: DE : DB; (1) 

for a like reason the triangles GDE and PDR are similar, and 

CD : PD : : DE : DR. (2) 

From (1) and (2) we have, (B. II, P. IV), 

AD : QD :: CD : PD. 
But QD = PD ; 

hence AD = CD; 

hence D is the middle point of the base; the triangle AEC, 
therefore, fulfils all the conditions and is the triangle required. 

9. — Show that %f a line bisecting the exterior vertical angle qf a 
triangle is notparaUel to the hose, the distances qf the point in which 
it meets the base produced, from the extremities qf the hase, are pro- 
portional to the other two sides qf the triangle. 

Let ABC be the triangle and CD the line which bisects the 
exterior vertical angle BCE ; then, 

AD : BD :: AC : BC. 
From B draw BE parallel to DC ; then, the angle CBE equals 



d^ 



EEi; 




the angle BOD (B. I, 
P. XX, 0. 2) ; but 
BCD equals DCE by 
construction ; hence 
angle CBE equals an- 
gle DCE; but DCE 
equals CEB (B. I, P. 
XX, C. 3) ; hence the 
angles CEB and CBE are equal (A. 1), and, therefore, the line 
CB equals CE (B. I, P. XH). In the triangle ACD, since BE 
is parallel t6 the base, 

AD : AB :: AC : AE (P. XV, C. i); 

hence, by division (B. II, P. VI), 

AD : AD - AB, or DB : : AC : AC — AE, or EC; 
but, since EC equals BC, we have 

AD : BD : : AC : BC ; 

which was to he proved. 

10. — The segments made by a perpendicular^ drawn from a 
point on the circumference of a 
circle to a diameter, are 16 feet 
arid 4 f^t J fi^^ the length of the 
perpendicular. 

In a circle whose centre i^ C, 
let the perpendicular DE be 
drawn, making AE equal to 4 feet 
and EB equal to 16 feet. From 
Prop. X^j^ C. 2, we have 
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hence 
and 



AE : ED :: ED : EB; 

ED? = AE X EB = 4 X 16 = 64, 

ED = 8 feet 



11. — Two similar trian^y ABC wut DEF, have the homolo- 
gous Bides A G and DF eqtud,^ respectively^ to 4 feet and 6 feet, and 
the area ofDEFis 9 square feet ; Jind (he area cf ABC. 





Jrom P. XXV, 

Area DBF : Area ABO :: DF : AO'; 
Area DEP ><: A<? 9 x 16 



hence, -Area ABC = 



DF 



86 



= 4; 



thereiforo, the area of ABC is 4 square feet. 



12. — Two xihords of a circle inter- 
sect ; the segments of one are, respec- 
tivdyj 6 feet and 8 feet, and one 
segment of the other is 12 feet ; find 
the remaining segment. 

In the circle whose centre is 0, 
let the chords AB and OD intersect 
at E, making DE eqoal to 6. feet; 




574709 
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EC, 8 feet ; and AE, 12 feet ; find EB. Prom P. XXVIH, 

we have 

AE : DE :: EC : BE; 



hence 



BE = 5ExJ0^6^^,^^^ 



AE 



12 




13. — Tujo circles, whose radii are 6 feet and 10 feet, intersect , 
and the line joining their points of intersection is 8 feet ; fmd ihe 
distance between their centres. 

Let the circles whose centres are 
and P, and whose radii are respec- 
tively 6 feet and 10 feet, intersect, 
and let the line QB, joining their 
points of intersection, be 8 feet. 
Join the centres by the line OP, 
intersecting QB in S; draw OQ and PQ. QS is one-half of QB 
(B. in, P. XI), and is therefore, eqnal to 4 feet. In the right- 
angled triangle QSP, SP = Q?-^ (P. XI) = 100-16 = 84, 
and SP = Vsi = 9.16. In like manner, OS* = 0^—^ = 
36— 16 = 20, and OS = \/20 = 4.47 ; therefore OP, the dis- 
tance between the centres, equals 9.16 + 4.47 = 13.63 feet. 

14. — Find the area of a triangle whose sides are respectively 31, 
28, and 20 feet. 

In the triangle AOE, let AO = 31 ft, OE = 28 ft, and 
AE = 20 ft. Draw OD perpendicular to AE. Then (R XI), 

OS* = AO? - AD^, 
and OD'=:0]g'-irS*; 
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hence AO* - AD* = OB*— IS"; 

■ 

by transpositioiiy 

hence (P^ X), 

(AO + OE) (AO - OE) = (AD + ED) 

(AD - ED) ; 

and substituting the numerical values^ 

we have 

59 X 3 = 20 (AD - ED) ; 

hence AD — ED = J^ = 8.86 ; ur^ 

therefore, since AD + ED = 20, 

and AD — ED = 8.85, 

we have by addition, 2AD = 28.85, 
and AD = 14.425 ; 

and by subtraction 2ED = 11.15, 

and ED = 5.575. 

In the right-angled triangle ODE, we have 

OD^ = 0]g*-ED«, 
or substituting numerical values, 

off = (28)8 - (5.575)« = 752.92, 

and OD = V752:92 = 27.44. 

The area of the triangle AOE is equal to |^AE x OD (P. VI) ; 
i. &., to ^ X 20 X 27.44, which is 274.4 square feet, the area required. 
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15. — Show that the area cf an equilateral triangle is equql ta 
one-fourth the square of one side multiplied by VS ; or to the 
square of one side multiplied by ,433. 

Let ABC be an equilateral triangley and 
BD its altitude. D is the middle point of 
the ba*^ (B. 1, P. XI, C. 2), and hence 

AD = iAC, or iAB. 



^ 



¥52 Ft^ 




BD' = AB' - AD' (P. XI, 0. 1); x 

hence BD^ = AB? - JAF = l^\ 

and BD = ^AB ^ 

Bnt the area of the triangle is equal to 

iAC X BD (P. VI), or JAB x BD, 
and hence the 

Area ABC = JAB x t A^ V^ = iSffVS; 
or since V3 = 1. 732, 

Area ABO = JAB* x 1.732 = IB' x .438; 
which was to be proved. 



Cob. — Since 
we have 

and 



Area ABC = IB* x .433 
Area ABO 



^ 



AW = 



.433 



AB 



V 



Area ABO 



.433 



that is, the side of an equilateral triangle is equal to the square 
root of the quotient prising from dividing the are» of thjs tnap^le 
by 433. 
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16. — Fronf' Q ppint, 0, in an equUaterd triangle, -4-?ft ^^ 
distance^ to the vertices were measured and found to be : OB 
^ 20, OA = 2^y OC = SI; find the area of the triangle and 
the length of each side. 

On ^C construct a triangle 
having the side AD = OA = 28 
and CD == OB = 20; on BC 
con^trupt BFC, having OF = 
OC = 31, and BF = OA = 28 ; 
and on Bx\ construct BiEA, hav- 
ing BE = OB = 20, and AE = 
0C=31; draw OD, OE, and OF. 
The triangles AEB and BOC liav^ the sides AE and OC, and 
also BE apd OB, equal by construction, and AB equal to BC by 
hypothesis ; hence they are equal in all their parts (R I, P. X). 
In like manner, the triangles ADC and AOB are equal, having 
the sides AD and AO, CD and OB, equal by construction, and 
AC and AB equal by hypothesis; and the triangles BPC and 
AOC are equal, having BF and OA, CF and OC, equal by con- 
struction, and BC and AC equal by hypothesis ; hence the area 
of the triangle ABC is one-half the area of the polygon A^BFCD. 
Since the triangles ADC and AOB are equal in all their parts, 
the angle CAD equals thq angle OAB (B. I, P. X, S.) ; hence 
the sum of the angles CAD and C AO, or DAO, is equal to the 
sum of the angles BAO and CAO, or BAC ; but BAC, being 
an angle of an equilateral triangle, is f of a right angle (B. 1, 
P. XXV, C. 5), and, therefore, the angle DAO is | of a right 
angle ; in the triangle ADO, AO equals AD by construction. 
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and hence the angle ADO equals the angle AOD (B. I, P. XI), 
and since the sum of the two is | of a right angle (OAD being f 
of a right angle), each is J of a right angle, and the triangle is 
equiangular and hence equilateral (B. I, P. XII, C). In like 
manner, the triangles COF and BOE may he shown to be equi- 
lateral. The triangles AOE, BOP, and COD, have AE = OF 
= OC, OA = BF = OD, OE = OB = CD, and hence are 
equal in all their parts (B. I, P. X), and their sum is equal to 
3 AOE ; the polygon AEBFCD is, therefore, equal to AOD + COF 
+ B0E+3A0R 

AOD being an equilateral triangle, each side of which is 
28, is equal in area to (28)^ x .433 = 339.472 (see preceding 
exercise); in like manner, COF equals (31)' x 433 = 41^.113, 
and BOE equals (20)2 x .433 = 173.2 ; the area of AOE is 274.4 
(E. 14, Key), and 3 AOE— 823.2 ; hence the area of the polygon 
AEBFCD is equal to G39.472 + 416.113 + 173.2 + 823.2 = 
1751.985. The triangle ABC is one-half the polygon AEBFCD, 

1751.985 
and is, therefore^ equal to ^ — = 875.9925 ; whuA was to be 

found in the first place. 

ABC being an equilateral triangle, one side of it is eqnal to 

/Area ABC .-ci ^c r.\ • x 
V — ^433 — ^ ' '^ ' *• ^'' 



V 



875^25 ^ y 2023.0773 = 44.978+; 
.433 



which was to he found in the second place. 



BOOK V. 



1. — Ihe side <f an equUaterd triangle inscribed in a circle is 
6 feet; find the radius cfOi/e circle. 

Let ABC be an equUateral triangle 
inscribed in a circle whose centre is C, 
and let s denote a side of the triangle 
and r the radius of the circle. Then 
from P. V, C. 2, 



sir:: V3 : 1; 

= 3.46 feet 



nence r = -^ = Jg^ 




2. — Ihe radius qf a circle is 10 feet / find the apolhem of a 
regular inscribed hexagon. 

Let HE be a regular hexagon in- 
scribed in the circle whose centre is 
C. The side AH is equal to the 
radius (P. IV) ; AD is one-half of 
AH (B. m, P VI), and hence is 
equal to 5 feet. In the right-angled 
triangle ODA, 

CE? = Cr-AD* (B. IV, P. XI, C. I) ; 
that is, CD* = 100 — 25 = 75. 

hence, CD = \/75 = 8.66 feet. 




^ 
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3. — IHnd the side of a fsquare inscribed in a circle whose radius is 
5/eet. 

Let 8 denote the aicje of xhe square^ wd r the radius of the 
circle. Then from P. Ill, S., 



hence. 



r : 8 :: 1 : V^; 
8=zrV2 = b X lAU ^ yjM'fpcit 




4. — Draw a Unie whose length shdH he '>/S, 

With G as a centre, and 00, ^qufdi 
to 1 (any coiavenient unit ^t length), 
as a radius, descrilbe a circle, and in it 
inscribe an equilateral triangle (P. Y, 
0. 1) ; any side jeft it, as OP, will be 
equal to V3 (P. V, C. 2). 

5. — The radius of a circle is ifeet ; find (he ar^a of an fnscribed 
eguilaieral triangle. 

Lift C be tlie centre of a circle 
whose radius is 4 feet, and ABC an 
inscribed ef[uilateral triangle. Let s 
denote the Bide of the triangle and r 
the radius of the circle ; then (P. V, 

V3 : 1 



.8 : r 







and hence 



8 r= rV5.?= 4V5. 



But (B. IV, E. U, Keyi), 




EXERCISES FROM LEGEKDBE^ BOOK V. 107 

Area ABC = «» X -433 = 48 x .433 = ?0.78* square feet ; 
which is the area reaaired. 

6. — Show that the sums of the aUerruOe angles cf an octagon 
inapribed in a circle are equal to each other. 

Let ABODE be an octagon in- 
§crjJb^d in a ckcle whose cejotiie is ; 
then will the sums of the alternate 
angles be equal to each other ; i, e., 

A+G+E + C = H + F+D+B. 

For the 

Angle A = t (arc HFDB) 

(B. m, p. XVI). 

But arc HFDB equals the circumference diminished by arc 
BAH, and, denoting the circumference by circ, we have 

Angle A = ^ (circ. — arc BAH). 

In like manner, 

Angle G = i (arc FDBH) = i (cu-c. — arc HGP) ; 

Angle E = ^ (arc DBHP) = J (circ. — arc FED) ; 

Angle C = t (arc BHFD) = J (circ. — arc DOB). 

Hence, by jid^ition, 

A + G + E + C = i[4 circ. - (BAH + HGF + FED+DCB)] 

= jf (4 circ. — circ.) = f circ; 

.and 3ince ^ach j^ circ. measures 2 right angles (B. HI, P. 
XVH, S.), 
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A + G + E4-C = 6 right angles. 

But the snm of the interior angles of an octagon is equal to 
12 ri^ht angles^ (B. I, P. XXVI), and, therefore, H + P + D 
+ B is equal to 6 right angles, and hence equal to A + G + E 
+ U; which was to be proved. 

7. — The area of a regular hexagon^ whose side is 20 feet^ is 
1039.23 square feet ; find the apothem. 

Denoting the area by A, the perimeter by p^ and the apothem 
by h, we have 

A=^-^(P. Vm); 

2A 2 X 1039.23 2078.46 
hence, ^ = - = ^o x 6 = "^r = "-^^5 

which is the apothem required. 

8. — One side of a regular decagon is 20 feet, and its apothem 
15.4. feet ; find the perimeter and the area af a similar decagon 
whose apothem is 8 feet. 

The perimeter of a decagon is 

20 X 10 = 200 feet; 

., . 200 X 15.4 .^.^ ^ J, /n XTTTTX 

its area is = 1540 square feet (P. VIII). 

The perimeters of the two decagons are to each other as their 
apothems, and their areas as the squares of their apothems 
(P. IX); hence, letting j[? represent the perimeter of the second 
decagon, and A its area, we have 
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200 : p : : 15.4 : 8 ; 
1540 : A :: 237.16 : 64; 

nence, p = — tt-j- = 103.89+, 

which is the perimeta* required ; and 

._1540x64_ 
^ = -237711- = «5.58+, 

which is the area required. 

9. — The area of a regular hexagon inscribed in a circle is 
9 square fed, and the area of a similar circumscribed hexagon is 
12 square feet ; find the areas of regular inscribed and circum.scribed 
polygons of 12 sides. 

Denote the area of the inseribed polygon of 12 sides by p, 
and that of the similar circamscribed polygon by P ; then 
(P. XI), 

p = V9 X 12 =r Vl08 = 10.39 square feet ; 
P = ^ ^^ g^ = 11.139 square feet ; 

which was to be done. 

10. — Oiven two diagonals of a regular pentagon that intersect; 
show thai the greater segments wHl be equal to each other and to a 
side of the pentagon^ and that the diagonals cut each other in e-x- 
treme and mean ratio. 

Let ABODE be a regular pentagon, and let the diagonals 
BE and AD intersect at P. Circumscribe a circle about the 



m 
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pentagon ; the arcs A3 &Q<i ^P W^ 
equal (B. Ill, P. V), as also are the 
arcs BC and CD; hence the arc 
ABCy which is equal \q the sum of 
the arcs AB and BC^ is equal to the 
arc CDE, the sum of the furcs JCp 
and DE ; the angle ADC, measured 
by one-half the arc ABC (R HI, P. 
XVni), is equal to the angle EBC, 

measured by half the equal arc CDE. The angle BPD is meas- 
ured by half .the suxp of the grcs PCD smi Ag (B. Ill, 
P. XTX), and the auj^le BCD is measured hj Ijal/ th^ ai;c 
BAED (B. Ill; P. XVIII) ; but the sum 9^ the a^rcs RCD ajnd 
AE is equal to the arc BAED, since each is the 3um 9f three 
arcs subtended by three sides of the pentagon ; hence the angle 
BED is equal to the angle BCD. In the quadrilateral BODE, 
the sum of the four angles is equal to four right angles (B. I, 
P. XXVI, C. 1), and as the opposite angles B and D are equal, 
and also O and F, the sum of the angles D And G is equal to two 
right angles and h^nce BC and ED are pacfdial (B. I, P. XIX), 
and, for a like reason, BE and CD are .parallel ; hence the figure 
BCDF is a parallelogram, and the opposite sides, BE axi^ C^, 
and DE and CB, are equal (B. I, P. XXVIU) ; also, since BC 
and CD, being sides of a regular pentagon, are equal to each 
other, BE is equal to ED ; hence the greater segments are equal 
to each other and to a sid^ of the pentagon ; which was to he 
proved in the first case. 

The angle AEE ,Q(^^^^ the aflgle ^FD (^. rl, P. n^^ and 
hence egua^^s the angle C, one pf the an^^s of ^e B^t^^^^pill^ 
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lie tnro triangkB AED ^ad AFE iiw^ ibe ADgief^ AI!p(9n4^i£)e 

of the peftfca^n) and AFE eqmil froip ^iif«t h^ ji^t be^ sbamrn, 

9ad the angle DAE oomivon, h^emf^ 1^7 ^fe ^iiAilar (Q. ^V^ p. 

JKYIil, 0.), And baye tb^r boiQol^gofi^ aide^ propprticm^; 

hence, 

DA : AE :: DE : ^P; 

bnt AE and DE are each equal to DP by the first part of this 
proposition, and because the angles PAE and PEA, being meas- 
ured by Imlf the equal arcs JJP ^n^ AB» are equal, tiie si^ EP 
equals PA {?• I> P- XII) ; Aubstituting, tb^i^efokre, we have 

DA : DP : : DP : PA. 
In Uke maimer, BE : BP : : BP : PE ; 

hence the diagonals cut each other in :exticeme ai^d mean ratio ; 
AvMpA WS^ to h prov&i in the seoopd <30ae. 

.11. — Show how to inscribe in a given circle a regular polygon 
^ 15 ^^ujlea. 

Jjei O be the i^mtxeot a given 
.cifd^. P^m 9.ny point of the 
fOirouio^i^uQe, as A^ draw AB, 
the siAe of ^mjj^i^cribedequ^l^iteifal 
triangle (P. V, C. 1)^ ^nd AC the 
^de of a regular ip^cribed penta- 
gon (P. Vi, C. 2) ; then since the 
arc AB, subtended bj a side of an 
insorfbed equilaterafl triangle, is ^ 
the circumference, and the ajrc AG, subtendeid -tgr jbhe side lOt a 
regular iiiaci»ibed pqn^oi^, is ^ tbe circa^fereiioe^ ^their differ- 
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enoe^ CB, must be equal to ^ — J = ^ of the circumference ; 
hence^ the arc CD, one-half of OB, is -^ of the circumference, 
and hence the chord CD is one side of a regular inscribed poly- 
gon of 15 sides ; apply CD 15 times as a chord, and the resulting 
figure will be the polygon required. 

12. — Find the side and the altitude of an equilateral triangle in 
terms of the radius of the inscribed cirde. 

Let ABC be an equilateral trian- 
gle, and the centre of the inscribed 
circle. Draw the radius OE to the 
point of contact E, it will be perpen- 
dicular to AB (B. Ill, P. IX). Since 
the sides AB and AC are equal, the 
perpendicular AD bisects the base 
BC (B. I, P. XI, 0. 2), and since it 
also bisects the angle A, it passes through the centre of the 
inscribed circle (B. Ill, Prob. XV) ; BD = BE (B. HI, Prob. 
XrV, C), and hence BE, or EA, is one-half the side of the 
triangle. The triangles ADB and AEO have the angles D and 
E equal, since each is a right angle, and the angle A common, 
hence they are similar (R IV, P. XVIII, C), and we hav« 

AD : DB :: AE : EO; 

.-. AD X EO = DB X AE; .... (1) 

but DB and AE are equal from what has just been shown, and 
their product is equal to DIP, or to IBC* (B. IV, P. VIII, 0.), 
which equals JAB*. In the triangle ADB, 

aD' = AB'-BD' = AB*- {K& = fAB*; 




f 
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hence, AD = VpJ^ = |AB V3. • . . . (2) 

Substitnting in (1), 

|AB V3 X EO = JAB*. (3) 

Dividing (3) by |AB and calling EO, r, we have 

r Vd = JAB; .-. AB = 2r Vs ; . . . (4) 

which is the required value of the side. 

In equation (2), substituting the value of AB from (4), we 

have 

AD = 3r ; 

which is the required value of the altitude. 

13. — Oiven an equilateral triangle in'icrihed in a circle, and a 
similar circumscribed triangle ; determine the ratio of the two trian- 
gles to each other. 

The two triangles having the same number of sides are simi- 
lar (P. I)^ and hence they are to each other as the squares of 
their homologous sides (B. IV, P. XXV). Letting r denote the 
radius of the circle, the side of an inscribed equilateral triangle 
is equal to r V^ (P. V, C. 2), and the side of the circumscribed 
equilateral triangle, as just shown in the preceding exercise, is 
equal to 2r V3 ; hence the circumscribed triangle : the inscribed 
triangle : : 12f^ : 3r*, or as 4 : 1 ; hence the circumscribed 
equilateral triangle is 4 times the similar inscribed triangle. 

14. — IRe diamder of a circle is 20 fed; find the area of a sector 
whose arc is 120°. 

Let S represent the area of the sector, C the area of the 



t ^ 



J 
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circle, and r the radiu? ; then sinqp therp are 360° in the cir- 
cumference of the circle (see Note, B. Ill, p. 92*), we have 

S : : : 120° : 360° (P. XIV, 0. 2) 

hence, S = mC = iC. 

But from P. XV, 

C — 7rr2 = 3.1416 x 100 = 314.16; 

hence, S = i x 314.16 = 104.72 square feet; 

which is the area required. 

15. — Hie circumference of a circle is WO feet ; find its area. 

Since the circumference equals 3.1416 times the diameter 
(P. XVI), the diameter equals the circumference divided by 
3.1416 ; hence the diameter of this circle equals 

^^ =63.66, 



3.1416 
93xd the radiu9 lueing half the dian^eter is equal to 

^- = 31.83, 

hducC; fropi P. XIV, the area is equal to 

200 X 31.83 ^,^3 . . 

■ X ^ =: 8183 square feet 

16.-r-2V area of a circle is 78J5J^ square xpxrds; find its 
diameter, 

lat r denote |;lia radius ; then from P. Xy, 



i 
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hence^ 



and, thei:pfore. 



. 78.54 ^„ 
^ = 33^6 = ^^- 



r = 6 



but the diameter equals twice the radius, hence the diameter is 
10 yards. 

17. — Tke radma of a circle is 10 fed and the area of a circular 
sector 100 square feet ; find ike arc of the sector in degress. 

The areii of th§ pircle, from P. XV, is 

8.1416 X 100 = 314.16 square feet; 



hence the sector is 



100 
814.16 



of the circle ; and there being 360° in 

the circumference of the circle, the arc of the sector is ^^TTb 

alt'lR 

of 360^ (P. XIV, C. 3) ; that is, the arc is equal to 114^588. 

18. — Show thai the area ^9^ equifoisral triangle drctmspvibed 
about a cmie is greater than that of a square civotmsorO^ §bout fbe 
same circle. 



Let be the centre of the cir- 
cle, ABC the circumscribed equi- 
lateral triangle, and DEFG- the 
circumscribed square; and let r 
denote the radius of the circle. 

Since the side of the square is 



equal tp the diameter of the cirqle, ^ ^ 
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or 2r, its area is equal to 4r'. Since the side of the equilateral 
triangle is equal to 2r V^, and the altitude is equal to 3r (E. 12, 
Key), the area of the triangle (B. IV, P. VI) is equal to 



2rA/3 X 3r 



3r»\/3 = 3r8 X 1.732 = 5.196r»; 



hence the area of the triangle is greater than that of the square ; 
which was to be proved. 

19. — Lei AC and BD be diameters perpendicular to each 
other; from P, the middle point cf the radius OA, as a centre, and 
a radiiLS equal to FB, describe an arc cutting OG in Q ; show that 
the radius 00 is divided in extreme and mean ratio at Q. 

It is required to show that 

OC : OQ :: OQ : QO, 

or denoting radius 00 by r, that 

OQ* = r X QO. 

In the right-angled triangle POB 
(from B. IV, P. XI), 

PB* =: BO^ + OP = r» + if^ 

1 

hence, PB = |r VS ; 




but 



PQ = PB, 



since each is a radius of the arc BQ, and therefore 

PQ = |r Vs. 
OQ = PQ - PO = ir \/5 - ir = Jr (V^ 



-1), 
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and hence^ 

OQ* = ir»(V5 ^ 1)« = ir»(6 — 2 V6 + 1) = ir2(6-2 \/6), 

or, by £tctoring the last expression, 

O^ = ir» (3 - V6). ..... (1) 

Again^ 

QC = 00 — OQ = r — (ir Vs — ir) = |r — Jr v^ ; 

whence, by factoring, QC = Jr (3 — \/5) ; 

multiplying both members of this equation by r, we have 

r X QC = ir» (3 - V5), (2) 

since the second members of (1) and (2) are equal, we have 

O^ = r X QC (3) 

Prom (3), we have the proportion 

. rorOO : OQ :: OQ: QO (B. II, P. II); 

hence the radius 00 is divided in extreme and mean ratio at Q ; 
which was to be proved. 

20. — Show that the square of the side of a regular inscribed pen- 
tagon is equal to the square of the side 
cfa regular inscribed decagon, increased 
by the square of the radius of the cir- 
cumscribing circle. 

Let AO be the side of a regular 
pentagon inscribed in a circle whose 
centre is 0, and AB the side of a 
regular inscribed decagon; denote 
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AC by py AB by d, and OA by r ; then we are iAt Bhcm 

that 

]^ = (P + f^. 

Since the side of a regular inscribed decagon ifl ^isM to thie 
greater segment of the radius divided ih «3ctreme ratio^ we shall 
have the proportion 

r : d :: d k r — d\ 

whence (B. II, P. I), r^ -^dr = d!^:; 

and by transposition, (P + dr = r* ; (1) 

solving equation (1), we have 



''=-i + \/*' + ¥-'-i + §^' • ' 



Squaring both members of (2), we have 



and hence AD = ^, 

In the right*angled triangle ODA, 

OD^ = OA? - AD' =ir 7« ^ ft^- ; 

-A J. ^4. I 

and hence OD == \r^ — \p^\ 

DB = OB — GD ±= r — Vr« — ^ 



m 



tod adding 1* tb both Tttembersof (3), 

d»+r> = ^-^A/5 + 7« = ^-^V5. . . (4) 
Again, AD = ^AC (B. Ill, P. VI), 
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In the right-angled triangle ABB, we -have 

AB*, or d2 = AD2 + Dfe*; 

whence, by substitnting for AE? and DB* their values found 
above, we have 



whence, by transpdsition, 

squaring bdili members of this equation^ we have 

transposing and reducing, 

pV2 = 4r«d3 _ # sr <P<4;« - *»)- 
Dubstftiitihg for iP its value from equation (3), we have 

performing indicated operations and reducing, 

dividing both members of this by "fi, we have 

;^=^-^V5. ...... (5) 
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Since the second members of equations (4) and (5) are equal, 
(he first members are equal, and we have 



!?» = £P + f»; 



which was to be proved. 




21.— Show howyfrom 19 and f^j to inscribe a regtdar 
in a given cirde. 

Let ABOD be the given circle. 
Draw two diameters, AC and BD, 
perpendicular to each other, with P, 
the middle point of OA, as a centre, 
and a radius equal to PB, describe 
the arc BQ, cutting the radius 00 
in Q ; then is the radius 00 divided 
in extreme and mean ratio at Q 
(E. 19), and OQ, the greater seg- 
ment, is equal to the side of a regular inscribed decagon 
(P. VI) ; draw BQ, and in the right-angled triangle BOQ, 

BQ* = 0^ + off (B. IV, P. XI); 

but OQ being the side of a regular inscribed decagon, and OB 

the radius of the circumscribed circle, BQ must be equal to the 

« 

side of a regular inscribed pentagon (E. 20). Beginning 

at any point of the circumference, 'W B, apply BQ fiv# 

times as a chord; the resulting figure will be the pentagon 
required. 
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• 22. — The side of a regular pentagon, inscribed in a circle, is 
5 feet, and that of a regular inscribed decagon is 2.65 feet ; find the 
side and the area of a regular hexagon inscribed in the same circle. 

Letting j9 denote a side of the pentagon, 
d a side of the decagon, and r the radins of 
the circle, we have 



^ = eP + r2 (E. 20) ; 

but the side of a regular inscribed hexagon 
is equal to the radius of the circle (P. IV), 
hence calling the side of the hexagon h, we have 




whence 



p^ z=z d^ + /**; 



and substituting the given numerical values, we have 



hence, 



^2 = 25 — 7.02 = 17.98; 
h = 4.24. 



In the circle whose centre is 0, let AB be the side of a regular 
hexagon, OA the radius, and OP the apothem of the hexagon. 
In the right-angled triangle OPA, we have 



but 
or since 



OP* = OA* - AP* ; 

AP = JAB (B. in, P. VI) ; 
AB = OA, 
AP = tOA, 



and 



AF = iOr; 
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hence, OF = OA^ - {OA? = }0A2. 

But OA, being equal to AB, is equal to 4.24 ; hence 

0? = J X 17.98 = 13.49 ; 



and, therefore, OP = V13.49 = 3.67. 

The area of the hexagon is equal to half the product of its 
perimeter and apothem (P. VIII), the perimeter is equal to one 
side multiplied by the number of sides; i. e^ to 4.24 x 6 = 25.44; 
the apothem = 3.67, as just found; hence, the area = 
25.44 X 3.67 



2 



= 46.6824 square feet ; which was to be found. 
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1. — ^tHnd a point in a plane equiditdani from two given poinfs 
unthout and on the same side of the plane. 

Let E and F be the given 
points, and ABGD the given 
ijdane. Draw the line EF 
«nd tiirough it pass a plane 
cutting the given plane in 
the line GK ; in this plane 
draw the line IH perpendic- 
ular to EF at its middle 
qpoint^ and let it meet the 
given plane at the point H.; 

draw EH and FH, and they wiU be equal (B. I, P. XVI) ; hence 
H is the point required. 

Gob. — As an infinite number of planes can be drawn through 
EF cutting the, plane AGy an infinite number of points can be 
found to satisfy the conditions. 

2. — 'Fromttm given points on the same side of a gwea plane, 
draw two lines that shall meet the plane and make equal angles 
with it. 

Let'E land F be -the given point8.4UidvAB the given plane. 
Through the given points pass a plane .perpendicular , to the 
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given plane, and catting it in the 
line CD ; in this plane draw FG 
perpeudienlar to CD, it wiU also 
be perpendicular to th 3 pL .ne AD 
(P. XVII) ; prolong FG till GH 
equals FG; draw HE, and to 
the point I, in which this line 
pierces the plane AB, draw FI; 
EI and FI are the lines re- 
quired: for the triangles FGI 

and HGI are equal in all their parts (B. I, P. V), and hence the 
angles HIG and FIG are equal to each other ; but angle HIG 
equals angle EIC (B. I, P. II), and, therefore, the angles EIC 
and FIG are equal, and these are the angles which the lines EI 
and FI make with the plane. 




3. — What is the greatest number of equUaterai triangles thai can 
be grouped about a point so as to form a convex potyedral an^ t 

Five. For each angle of an equilateral triangle is f of a 
right angle, and five of them equal J^ of a right angle ; six 
such angles would be -^ of a right angle, or 4 right angles, which 
exceeds the possible sum of the plane angles formed by the edges 
of any convex polyedral angle (P. XX) ; hence no more than 6 
such triangles can be grouped so as to form a convex polyedral 
angle. 

4. — Show that if from any two points in the edge (tf a diedral 
angle straight lines be drawn in each of its faces perpendicular to 
the edge, these lines vnU contain equal angles. 
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In the diedral angle whose edge is EF, 
draw from the points and P in the edge, 
the lines OS and PR in the face EH, and 
the lines OQ and PT in the face EG, per- 
pendicular to the edge EF, then will the 
angles QOS and TPR, contained by these 
lines, be eqnal. 

Since OS and PR are in the plane EH, 
and both perpendicular to the same line 
EF, they are parallel (B. I, P. XVIII) ; 
for a like reason OQ and PT are parallel ; hence the angles QOS 
and TPR are equal (P. XIII) ; which was to be proved. 

6. — From any point urUhin a diedral angle, draw a perpendum- 
lar to each of its two /aces, and show that the angle contained by (he 
perpendiculars is the supplement of the diedral angle. 

From a point P within the diedral 
angle whose edge is EF, draw PR and 
PO' perpendicular, respectively, to the 
faces FG and EH ; then will the angle 
RPO be the supplement of the diedral 
angle. Through the lines PR and PO 
pass a plane, and let its intersections with 
the faces FG and EH be RQ and OQ ; 
the edge EF is perpendicular to the plane 
of the lines PR and PO (P. XVIII), and 
hence the plane angle RQO is equal to the given diedral angle 
(D. 4). In the quadrilateral PRQO, the angles PRQ and POQ 
are right angles by hypothesis ; and since the sum of all the 
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interior angles of the- quadrilateral is equal to 4 right angles 
(B. I, P. XXVI, 0. 1), the sum of the remaining angles, BPO 
and SQO, is equal to two right angles^ and henc^ BPO is the 
supplement of the angle EQO (see Note 2, p. 49**), and there* 
fore of the given diedral angle ; which was to he proved', 

6. — Show that if a plane meet another plane, the sum cf the ad^Or 
cent diedral angles toill be eqxud to two right angks. 

Let the plane AN meet 
the plane DE in the line 
MN. In the plane AN, 
draw the line GH perpen- 
dicular to the line of inter- 
section MNy and in the 
plane DG, draw IH perpen- 
dicular to MN and prolong 
it to K ; *the plane angle GHI is equal to the diedral anglf^ 
formed by the planes (D. 4), and GHK is equal to the adjaoeait 
diedral angle; since the sum of the plane angles GHI and GHK 
is equal to two right angles (B. I, P. I), the sum of the adjacent 
diedral angles is equal to two right angles: which was to be 
proved. 

7. — Show (hat if two planes intersect each other, the opposite or 
vertical diedral angles will be equal to each dOvsr, 

Let the planes AP and DE intersect each other in the line 
MN. In the plane AP, draw GH perpendicular to the intersec" 
tion MN at H, and prolong it to L; in the plane DE, drawr IH 
perpendicular to MN at H, and prolong it to K; tiien tiiie plane 
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angle GHI ia eqn^ to the 
diedral angle formed by the 
planes, aud GHI and LHE, 
or QRK and IHL, ai'e equal 
to the vertical diedral angles 
formed by the planes (D. 4); 
since these vertical plane an- 
gles are equal to each other 
(B. I, P. H), their equals, the 
vertical diedral angles, are 
equal to each other ; which was 



' V 


~\ 


7 
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to be proved. 



8, — Sftoio tkcd if a plane intersect two paraBef. planes, the sum of 
the interior diedral angles oh Die same side will he equal to tvx> 
rigH angles. 

Let the plane IIE intersect the par- 
allel planes PQ and MN. In the plane 
HE draw the line AB perpendicular to 
the line HG, the intersection of the 
planes HE and PQ ; it will also be per- 
pendicular to PE, the intersection of 
the planes HE and MN (B. I, P. XX, 
C. 1) ; in the plane PQ, draw RS per- 
pendicular to HG, and in the plane MN, draw AB perpendicu- 
lar to FE; the plane angles SRA and BAR ai-e equal respec- 
tively to the diedral angles formed by the planes HE and PQ, 
and the planes HE and MN (D. 4) ; the lines RS and AB are 
parallel (B. I, P. XVIII), and hence the sum of the angles SRA 
ard RAB is equal to two right angles (B. I, P. XX), and hence 
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the sum of their equals, the iDterior diedral angles on the same 
side, will be equal to two right angles ; which was to he proved, 

9. — Shx)w thai if two diedral angles have their faces parallel and 
lying in the same or in opposite directionSy they vnU be equal, 

1°. Let the die- C B L K 

dral angles LGH-Q / / ^ ^ / 

and CFE-N have r^^ y- -y > ^A. /r 

their faces LGHK ^ ^^^ L. / / \// 

and CEFB, and / / 

GHQ and EF:^^, "^ ^ 

parallel and lying in the same direction ; then will they be 
equal. 

For place the planes MN" and PQ so that they form one and 
the same plane ; then, since the planes LH and CF are parallel 
and are met by the plane MQ, the sum of the interior diedral 
angles on the same side, LGfl-P and CEF-N, is equal to two 
right angles (E. 8) ; and since the plane LH meets the plane 
PQ, the sum of the adjacent diedral angles, LGH-P and 
LGH-Q, is equal to two right angles (E. 6) ; hence, the sum 
of LGH-P and CEF-N" is equal to the sum of LGH-P and 
LGH-Q (A. 1), and taking away the common diedral angle 
LGH-P, we have the angle CEF-N equal to the angle LGH-Q ; 
tohich was to he proved in the first case. 

2°. Let the diedral angles CEF-N and MHG-P, have their 
faces parallel and lying in opposite directions, then will they be 
equal. 

For let the planes MN and PQ form one and the same plane, 
as before; prolong the plane MG; then since the planes ML 
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and FQ intersect, the vertical diedml angles MHG-P and 
LGH-Q are eqnal (E. 7) ; bat LGH-Q and CEF-N have their 
faces parallel and lying in the same direction, and are equal as 
jnat shown ; and, therefore, MHG-P and CEF-N are equal ; 
which teas to be proved in the second case. 

10. — Slow that every point (f a jilane bisecting a diedral angle is 
equidielanifrom the faces (^ Ihe angle. 

Let the diedral angle a 

ABC-D be bisected by the 
plane FBC-G, then will the 
plane be everywhere equidis- 
tant from the faces AC and 
ED. 

For take any point, as P, 
of the plane, and draw PQ 
perpendicular to the plane 
AC, and PE perpendicular to 
the plane £D; through the 

lines FQ and PR pass a plane and let it intersect the planes AC, 
FC, and ED, respectively, in the lines Q8, PS, and RS; the 
plane PQ8R will be perpendicular to the planes AC and £D 
(P. Xyi), and hence the line BC is also perpendicular to the 
pluie PQSB (P. XV III), and hence is perpendicular to the lines 
BQ, SP, and SB, in that plane (D. 1) ; therefore the plane 
angle QSB is equal to the diedral angle ABC-D (D. 4), and 
tiie plane angles QSF and FSB are equal, respectively, to the 
diedral angles ABC-F and FBC-D; but these last diedral an^es 
aie equal by hypothesis, and, consequently, the plane angles 
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Q^P ottd fSB are e^ei, and hence the line F3 biitecte the anglA 
QSB ; then the plane triangles PQS and PBS haye the afiglee 
PQS and PBS equal (A. 10), the angles P8Q and PSB equal, 
as just shown, and the side PS common, hence they are equal in 
all their parts, and PQ equala PB ; hence the point P is equally 
distant from the planes AC and ED ; which was to be proved. 

Cob, — Any point, as P, which is equally distant from the 
faces of a diedral angle, lies in the plane which bisects the 
diedral angle. 

ll.-^Show Ihat the inclination of a line to aptanC'-ihat is, the 
angle which the line makes with its ouon projection on the plane — is 
(he least angle made by the line with any line of the plane. 

Let AB be a line and 
BC its projection on the 
plane PQ, and let FG be 
any line of the plane 
other than fiO; then will 
AB make a less angle 
with BC than with FG. 

For through B draw 
in the plane PQ the line DE parallel to FG ; then is the angle 
ABE equal to the angle made by AB with FG (P. VI, S.); 
lay off BE equal to BC, and draw AE; then the triangle ABC 
and ABE haye the sides BE and BC equal, and the side AB 
common ; but the side AC is less than the side AM (P. V), 
hence the angle ABO is less than the angle ABE (B. I, P. IX), 
and, therefore, is the least aogle made by the tine AB with any 
line of the plane ; which was to be,promd. 
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12, — S^w that ^ three lines are perpendtcular to a fourth at the 
same point, the first three will be in the same plane. 

Let the three lines AP, BP, and CP be 
perpendicular to the line PQ at the point P ; 
then will AP, BP, and CP, be in the same 
plane. 

For pass a plane through the lines AP and 
BP, it will be perpendicular to the Une PQ 
(P. IV) ; in like manner pass a plane through 
the lines BP and CP, and it will also be per- 
pendicular to the line PQ, and hence these 
two planes must be parallel to each other (P. IX); and since 
they have a common point P, they must coincide and form one 
and the same plane ; which was to he proved. 

13. — Show thai when a plane is perpendicular to a given line 
at its middle point, every point of the plane is equally distant from 
the extremities of the line, and that every point cnit of the plane is 
unfiquaUy distant from the extremities of the line. 

Let the plane PQ be per- 
pendicular to the line AB at 
its middle point C, and let R 
be any point of the plane; 
then is B equally distant 
from A and B. 

For through R and AB 
pass a plane, it will intersect 
the plane PQ in the line EC ; 




\ ::/ 

B 
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draw the lines AB and BE; the two triangles AOE and BOE 
have the angles at C equal, each being a right angle by hypothe- 
sis; the side AC equal to the side CB by hypothesis, and the side 
EC common ; they are, therefoi'e, equal in all their parts, and 
hence AE equals BE; tohich was to be proved in the first case. 

Let S be a point without the plane, then is S unequally dis- 
tant from A and B. For through S and AB pass a plane, its 
intersection with PQ will be CD : draw SB and SA ; prolong AS 
to D and draw DB. DB is equal to DA as just shown. DB — 
DS < SB (B. I, P. VII, C), and, therefore, DA - DS, or 
S A < SB ; hence S is unequally distant from A and B ; which 
was to be proved in the second case. 

14. — Show thai through a line parallel to a given planer hut one 
plane can be passed perpendicular to the given plane. 

Let AB be parallel to 
the plane PQ. Through 
AB pass the plane 
ABCD, perpendicular to 
PQ, and let it intersect 
PQ in the line CD. If 
another plane can be 

passed through AB perpendicular to PQ, let AEPB be that 
plane. From G, any point of the line AB, draw in the plane 
AC, the line GH perpendicular to the line CD, then will GH be 
perpendicular to the plane PQ (P. XVII) ; from the same point 
G, draw in the plane AF the line GK perpendicular to the line 
EF, then will GK be perpendicular to the plane PQ (P. XVII) ; 
hence from G two perpendiculars have been drawn to the plane 
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PQ, which Ib impossible (P. IV, 0. 1) ; hence but one plane can 
be passed through AB perpendicular to the plane PQ ; which 
was to be proved. 

15. — Show that tf two planes which intersect contain two lines 
parallel to each other, the intersection of the planes vnU be parallel 
to the lines. 

Let the planes BF 
and BG intersect, and 
let PQ in the plane BP 
be parallel to DE in 
the plane BO ; then 
will AB, the intersec- 
tion of the planes, be 
parallel to DE and PQ. 

Since PQ is parallel to the line DE of the plane BO, it is 
parallel to the plane BO (P. VIII), and cannot, therefore, meet 
the line AB, which lies in that plane ; but AB lies, also, in the 
plane BF, and since AB and PQ lie in the same plane and can- 
not meet, how far soever fchcy may be produced, they are parallel ; 
and, further, since AB and DE are parallel to PQ, they are par- 
allel to each other (P. VII, 0. 2) ; hence AB is parallel to the 
lines PQ and DE ; which was to be proved. 

16. — Show that when a line is parallel to one plane and perpen- 
dicular to another y the two planes are perpendicular to each other. 

Let the line AB be parallel to the plane MN, and perpen- 
dicular to the plane PQ ; then will the planes AB and PQ be 
perpendicular to each other. 

For in the plane PQ, draw BO perpendicular to QR; through 
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the linea AB a,ni BC pass a plane ; 

CD will be its intersection with 

the plane MN ; AB is parallel to 

CD, for if it conld meet CD at 

any point, it would meet the 

plane MN in which CD lies, 

which is impossible, since AB is 

parallel to the plane MN by 

hypothesis; because AB is perpendicular to the plane P.Q, 

DC is al30 perpendicular to PQ (P. VII), and is, therefore, 

perpendicular to the lines BQ and CB ; therefore, since BC in 

the plane PQ, and DC in the plane MN, are perpendicular to BQ 

at the same point C, the angle BCD is equal to the angle formed 

by the planes PQ and MN ; and since this angle is a right angle, 

the planes are perpendicular to each other ; which was to be 

proved. 

17. — Draw a perp^xidicvlar to two lines ivot in the same 
plane. 

Let PQ and E8 be two 
lines not in the same plane; 
it is required to draw a line 
perpendicular to both of 
them. 

Through ^iiy point of PQ, 
83 0, draw ON parallel to ES; 
thrpngh PQ and ON pass the 
plane AB ; then since BS is 
parallel to ON, it is parallel to the plane AB (P. VIII) ; 
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at 0, draw OMro^rpendicrilar to the^lflMABJP. V, C,) ; th^i 
since OM is per{(@ndiciikr to ON, it is jK^rpendicular to ite 
parcel B8 (B. I, P. XX, 0. 1) ; and beiog perpendicular to 
the plane AB, is perpendicular to the line PQ. alsQ, an4 is th/e 
perpendicular required. 

18. — Skofw thai ike three planes which bisect the diedral angles 
farmed by the consecutive faces of a triedral angle, meet in the same 
line. 

Let S be the vertex of a 
triedral angle, and let the 
diedral angle ABS-0 be 
bisected by the plane BSD, 
the diedral angle BCS-A 
be bisected by the plane 
CSD, and the diedral angle 
CAS-B be bisected by the 
plane ASD ; then will the 
planes BSD, CSD, and ASD, meet in the same line. Let 
the two planes BSD and CSD meet in the line SD 
(P. Ill) take any point, as P, of this line, and draw from 
it PM, PN, and PO, perpendicular, respectively, to the planes 
ASB, BSC, and CSA; then since the plane BSD bisects 
the diedral angle ABS-C, PM and PN are equal (E. 10); 
and since the plane CSD bisects the diedral angle BCS-A, 
PN and PO are equal (E. 10); hence, PM and PO are 
equal, and, therefore, P is equally distant from the faces 
of the diedral angle CAS-B, and, consequently, lies in the 
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plane which bisects that angle (E. 10^ 0.) ; but P is any 
point of the line SD, and, therefore, every point of SD lies 
in the plane which bisects the diedral angle GAS-B; hence 
the three bisecting planes meet in the same line SD ; which 
was to be proved. 
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1. — What 18 ffie convex surface of a right prism whose altitude is 
Wfeet and whose base is a pentagon each side of which is IS feet 9 

The perimeter of the base is 

15 X 5 = 75, 

and the conyex surface is (P. I) eqnal to 

75 X 20 = 1500 square feet. 

2. — Ifie altitude of a pyi*amid is 10 feet and the area of its base 
is 26 square feet ; find the area of a section made by a ptane 6 feet 
from the vertex and parallel to the base. 

Let X represent the area of the section required. Then 

(P. in, 0. 3), 

2; : 25 : : 36 : 100; 

, 25 X 36 . ^ . 

hence, x = — Taq— = ^ sqqare feet. 

3. — Find the convex surface of a right triangular pyramid, each 
side of the base being ifeet and the slant height 12 feet. 

The perimeter of the base is 

4 X 3 = 12 feet, 

and the conyex surface is (P. IV) equal to 

12 X V" = ''^ square feet 
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4. A right pyramid vAote allUude in 8 feel and whose base is a 
square each mde ^ which is ^feet, is cut by a plane paraUel to the 
base and S/eet from the vertex ; required the convex surface cf the 
frustum included Mwein t'le base and the. cutM^g plane. 

Let S-ABCD be the right pyramid, abed 
a section 3 feet from the vertex, SP the 
altitude. Draw the slant height SF, and 
coonect the points P and F. Since ABCD 
is a sqnare and P is the centre of the base 
(D. 11) the line PF is equal to one-half the 
side of the base, or 2 ; then in the right- 
angled triangle SPF, 

Hf" = SP + PF* (B. IV, P. XI); 

SF = 64 + 4 = 6& 



that is. 




SF = Vg8 = 8.a6 



nearly. Since the section ahcd is parallel to the b^SQ, SP if per- 
pendicular to abed (B. VI, P. XI) ; and hence the triangles SPF 
and Sg/"have the right angles SPF and 8p/ equal and the angle 
at S common, hence they are fdmilar (B. IT, P. XVIII, 0.) and 
we ht^ye 

SP : S;. : : SP : S/, 



Since 8F equals 8.85 and S/ = 8.06, their difference /F, < 
the slant height of the fri^tiua, eqnala 6.19, 
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Again, since abed is parallel to the base, we have (P. Ill, 0. 3) 



aicd: ABGD :: S/:SP, 

or aficdiABGD :: 4:64; 

hence^ abed = -^ ABCD = 1 ; 

and since abed is similar to the base (P. Ill) it is a square, and 
its area being 1, each of its sides nmst be 1. Hence the perimeter 
ot the npper base of the frustom^ is 4> the- perimeter of the lower 
baee 16> and tb^ sknt height 6,19, and therefore its. cenyei; box^ 
face is equal to (P. IV, S.) 

A. _l_ 1 A 

"L ■ X 6-19 = 61.€! squa^e^ feet ; 
which is the area required. 

5. — TTie three concurrent edges of a rectangular paraUelopipedon 
are 4, 6, and 8^ feet ; find the length of the diagonal. 

The square of the diagonal is equal to the sum of the aquar^, 
of 4, 6, and 8 (P. VI, C. 2), that is, to 

1^ -^ 3a 4- 64 = IIG ; 
he^ce the diagonal is the square root of IH, i. e., 10.77. 

Q.^-^Of hoo rectangular paraUelopipedons ha/mng equal bases, the 
aUUudeof i^e first is 12 feet and its volume U 275 cubic feet ; the 
altitude of the second is 8 feet-— find its volume. 

Let V denote the volume required ; then (P. XIV, C.) 

V:275 :: 8:12; 



140 



KEY. 



hoDce, 



V = ^1^— = 1831 cubic feet 



7. — Two redangrdar paraUdcpipedoTis having equcH dUUudes are, 
respectivdy, 80 and 45 cubic feet in voLumey and the area of the hose 
of the firBt is 12 9quxxre fed ; find the base of the second and the 
altUude (f both. 

Since the Tolame is eqnal to the base maltiplied by the 
altitude (P. XIII, G. 2), the altitude must be equal to the. 
volume divided by the base; hence the altitude of the first' 
parallelopipedon, must be equal to ff = 6f feet, and since they 
have equal altitudes, the altitude of the second is, also, 6f feet ; 
the base of the second is equal to its volume divided by its 
altitude^ that is, to 

45 

8. — Find the volume of a triangular prism ujhose base is an 
equilateral triangle of which the altitude is 3 feet, the attitude of the 
prism being 8 feet. 

In the base ABC, draw AE to the middle J) 

point of BC, then is AE the altitude of ABO 
(B. I, P. XI, 0. 2); BE being one-half of BC or 
its eqnal AB, 

BE* = i ABl 

In the triangle AEB, 

AS" - BE' = AE^ (B. IV, P. XI, C. 1); 
that is, AB^ - i AB^ 
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or } AB' = 9 ; 

hence^ AB* = 12, 

and AB = Vl2 = 3.464; 

therefore the area of the base of the prism is 

3.464 X 3 ^.^^ - , 
= 5.196 square feet, 

and the volume of the prism is (P. XIV) equal to 

5.196 X 8 = 41.568 cubic feet. 

9. — I%e volumes of two pyramids having equal altitudes are^ 
respectvvelyy 60 and 115 cubic yards, and the base of the smaller is 8 
square yards ; find the base of the larger. 

Let X denote the base required ; then (P. XVII, C. 2) we 

have 

60: 115 :: 8:a;; 

hence, x = — -^ — = 15^ square yards. 

10. — Given a pyramid whose volume is 612 cubic feet and altitude 
8 feet; find (he volume of a similar pyramid whose altitude is 12 
feety andfindy also, the area of the base of each. 

Let V denote the volume of the pyramid required ; then, as 
the volumes are to each other as the cubes of the altitudes 
(P. XX, 0.), we have 

V:512 :: 1728:512; 

hence, V = 1728 cubic feet 
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Let b denote the base of the first pyramid ; then (P. XVII) 

J X t = 512 ; 

hence, b = 512 x | = 192 square feet, 

the area of the base of the first. In like manner if b' denote 
the base of the second pyramid, 

b' x^= 1728 ; 

hence, b' = 1728 x -^ = 432 square feet, 

the base of the second pyramid. 

11. — Find the volume of the frustum of a right triangular pyra- 
mid unth each side of the lovxr base 6 feet and each 9Me if' the upper 
base 4f^y t^ altitude being 5 feet. 

The area of the lower base is equjal to the squure of 6 niulti- 
plied by .433 (B. IV, E. 19, Key), that is, to 

36 X .433= 15.588. 

In like manner, the area of the upper^base is equal to 

16 X .433 = 6.928. 

Let ar^deilote the m^An proportitonal between the upper and 
•to*er bases, then (B. II, D 4), 

15.588 : X :: X : 6.928 ; 

henoe, x = V15.588 x 6.928 = 10.392. 

Hence the volume of the frustum is (P. XVIII) equal to 

(15.688+ 6^928 -fia392) x |; 
which is, 54846 o»bic feet. 
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12. — Find the vduriM of (he pyramid dftj^^ gir^en 

in the lasl example is afruslum. 

Let ABC-{? be the frustum given, and let 
S-ABC be the pyramid whose volume is 
required. Draw SD, the altitude of the 
pyramid, and let it pierce the section dbc in 
d ; then are D and d the centres of the 
circles inscribed in ABC and oife (D. 11), 
and DE and de the radii of these circles. 

As found in the last example, 15.588 is 
the area of ABO, And 6.928 the area of «Jt?; but the' area is 
6qttal*tohttlf the product of the perimeter and rAditisof i;be 
inscribed circle (B. IV, P. VI, 0. 2), therefore 




and 



hence, 
and 



DE X 18 
2 

efc X 12 



2 



= 15.588, 



= 6.928 ; 



DE = 1.732; 
de = 1.155 nearly. 



Draw SE, the slant height of the pyramid, then the triangles 
SDE atid Bde are similar (B. IV, P. XXI), hence 

SD : Sd :: DE : de\ 



that is, 


SD : Sd :: 1.732 : 1.155; 


hence. 


1.732Sd = 1.166SI), 


Hbt 


SD = Srf + <n) ; 
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that IB, since dD is equal to 5 by hypothesis^' 

SD = S(? + 6; 
therefore 1.732Sd = 1.155 {8d + 5) = 1.155Srf + 6.775; 
transposing 1.155S{2 to the first member^ we har^ 

1.732Srf - 1.155Sd = 5.775 , 
.577Srf = 6.776; 
hence, Sd = 10 very nearly. 

Since 8d is 10 and dD is 5, SD, or the altitude of the pyramid, 

is equal to their sum, or 15. Hence the yolume of S-ABG is 

equal to 

15.588 X 15 „„ ^ . r^' ^ ± 
5 = 77.94 cubic feet. 

d 

13. — Oiven two similar prisms ; the hose of the first contains SO 
square yards and its altitude is 8 yards ; the altitude of t?ie second 
prism is 6 yards— find its volume and the area of its base. 

The volume of the first prism is 

30 X 8 = 240 cubic yards (P. XIV) ; 

then (P. XIX, 0. 2) we have, representing the yolume of the 
second prism by V, 

V : 240 : : 216 : 51*2 ; 

therefore, V = — ^^o = 101.25 cubic yards. 

Since the yolume is equal to the base multiplied by the alti- 
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tude, the baae must be «qaal to the Tolame divided by the 
altitude ; that is, to 



14. — A pyramid, whoae base is a regtUar petUaffon of which the 
apothem ix S.5 feet, oonkd'ns ISO cuinc/eet; find the voluTne of a 
nmilar pyramid, the apolhem of ichose bam ta ^ffel. 

liot V denote the volome required ; then Biace the apotbems 
of the bases are homologous lines, we hare (P. XX, C), 
V : 189 :: 64 : 43.875; 
129 X 64 



hence, 



V = 



42.875 



: 192.56. 



15. — Show thai the four diagonals of a partJMt^pedon frigect 
each other v 



Let EFOH-C be a pandlelo- 
pipedoD. Throagh the diagonally 
opposite basal edges, AB and EH, 
pass a plane ABHB, its intersec- 
tions, AE and BH, with the lateral 
iiices AFED and BGHC, will be 
pareUel (B. VI, P. X), and the 
fignre ABHE ia a parallelogram, 
of which the diagonals, AH and 
BE, bisect each other at P (B. I, 

P. XXXI). Throngh the edges BC and EF, pass a plane 
BOEF ; then will BF and GE, its intersections with the lateral 
faces ABGF and CDEH, be parallel, and the Sgore BOEF ia a 





\^ 


^, 












-''// 






\ 


!/- 


"^ 





ue 



pAraUelegmn, of wfakh tbe ^lagonaUL, CF mi4 B^ bisect each 
other ; and sioce P is tbe niiddle point of BE, as jsst sbown, 
they bisect each other at P. In like DMnaer, by pa^og a plane 
throngh the edges DC and FG, it may be shown that the 
diagon^ DG and CF bisect eat^ oUier at P; beooe the four 
diogonab, AH, BE, CF, and DQ, biaect eaeh otker a£ P; 
which was to be proved. 

It. — Show Oiat the Ivto Una jmiting Ae pointa (^ the oppoaiie 
/aces cf a panllelopipedoti, in uAkA the diagoiuib of Ooee faaee 
intersect, biaect each other at the pomt m tohich the diagmuda of the 
pandl^(yyipedon inters^. 

Let ST and fiQ join tbe points 
of the opposite races AC and FH, 
and DF and CO, in which ilie 
diagonals of these faces intersect ; 
then will ST apd BQ bisect each 
other nt P, the point jn which the 
diagonals of the parallelopipedon 
intersect. For, B is the middle 
point of the line AF^ and Q >8 the 
middle point of the line BH (S. I, P. XXXI) ; in tbe pwalMe. 
grem ABHE, the line RQ, joining the middle pofots B uid Q, 
of the opposite sides AE and BH, passes throngh Hie point P, 
in which the diagonals, BE and AH, of the parallelogram inter> 
fcct, and is bisected at that point (see Note sk the end). In 
like maQner, Ib ilke paralldn^Bm DBOE, tbe line ST, joining 
the middle points S and T, of the oj^tosite sides DB and EG, 
^tasses thmngh the pdnt in whiidi the diagenalB, DG aod BE, 
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^ tb0 pandUk)gmia interaect; that in, through the point P 
(& XS), ao4 10 i^ifi^cted at Uiat point ; benee the Unes^ BQ and 
ST| bMie^^ each other at P, the point in which the diai^onab of 
the parallelopipedon iniarsect; tDii(A wa» to ie proved, 

NoTB.-«-Iii ;the pajadlelognm ABBB, )<m the 
middle points, B and Q, of the opposite eides, A£ 
and BH, and draw the diagonal AH. In the two 
triangles, APB uA <iPQ. tba taglen at F aive 
equal (B. I, P. 11), the angles PAE and PHQ are 
equal <B. f , P. XX, 0. 9), and, ihMefore, the 

angles ABP and PQS are ?qiial (B. I, P. XXV, G. 2); the side AR = QH, 
by hyxKythesis; hence the triangles are equal in all their parts (B. t, 
F. VI), aod tbesiile AP = PH, and, ooasequoot^, P is the middle j^iat of 
tbedti^soiial AKaAwd ia the point in vhich the iliaigoneJfi of the paraJlelo- 
gram intersect (6. I, P. XXXI). 

17. — Show ih»t two regtdor polyedrom of th^ same bind are 
9imUar. 

TaJ^e, for example, two hex- 
fii^onai or cnbe^ Thej have 
the aame ;piamber of faces, sim^ 
each has six. Each face of one 
is similar to the corresponding 
face of the other^ since they are 

regular polygons of the same number of sides (B. V, P. I). Place 
the cube PR on the cube DP, so that the plane angle NMP 
shall fall upon its equal angle BAD, the line MN will take the 
direction AB, and MP the direction AD ; since the plane angle 
NMS is equal to BAG, and MN takes the direction AB, the line 
MS will take the direction AG, and PR will take the position 
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shown in the figure, in which the corresponding faces of the twd 
polyedrons are like placed ; hence they are similar (D. 16). In 
like manner, any other two regular polyedrons of the same kind 
may be shown to be similar ; which was to be proved. 

18. — Show that the surfaces of any two similar polyedrons are to 
each other as the squares of any two homologous edges. 

Assume the figure in the last exercise ; we have 

DG : PS :: AS^ : MS^ (B* IV, P. XXVH) ; 

hence, 6DG : 6PS : : AG^ : MS^ (B. II, P. VU and IV). 

But since the 6 faces of the hexaedron DF are equal, 6DG is 
equal to the entire surface of DF; for a like reason, 6PS is equal 
to the entire surface of PR ; hence. 



Surf. DF : Surf. PR :: AG* : MS*. 

In the same way, the surfaces may be shown to be to each other 
as the square of any other two homologous edges. It may be 
shown, in like manner, that the surfaces of any other two simi- 
lar polyedrons are to each other as the squares of any two 
homologous edges ; which was to he proved. 



^ 
r 
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1. — The radius of the base of a cylinder is 2 feet, and its altitude 
6Jeei ; find its entire sufface, including the bases. 

The circumference of its base is 

27r X 2 = 2 X 3.1416 x 2 = 12.5664 (B. V, P. XVI) ; 

hence the convex surface is 

12.5664 X 6 = 75.3984 (P. I). 

The area of each base is equal to the square of the radius multi- 
pUed by 3.1416 (B. V, P. XV), that is, to 

4 X 3.1416 = 12.5664, 

and, therefore, the two bases together are equal to 

12.5664 X 2 = 25.1328. 

The entire surface is equal to the convex surface, increased by 
the area of the two bases; i. e., to 

75.3984 + 25.1328 = 100.5312 square feet. 

2. — The volume of a cylinder, of which the radius of the base is 
10 feet, is 628SJ2 cubic feet / find the volume of a similar cylinder 
of which the diameter of the base is 16 feet, and find, also, the aUv- 
tude of each cylinder. 

Let V denote the volume required ; then (P. 11, C. 2), 
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V : 6283.2 :: 512 : 1000, 
hence, V = ^^^^f^^^ ^^^ = 3216.9984 cubic feet. 

The area of the base of the first cylinder is 

3.1416 X 100 == 314.16 square feet; 

hence the altitude is equal to the voltime, 6283.2, divided by the 
area of the base, 314.16, which is equal to 20 feel In like 
manner, the area of the base of the second cylinder is 

3.1416 X 64 = 201.0624, 

and the altitude is equal to 

3216.9984 



201.0624 



£s 16 feet 



3. — Tux) similar conee have the radU of the bases equal, respeo 
tivdyy to 4i f^ ^^^ ^ f^y fl^ Ihe convex surface of the first is 
667.59 square feet ; find the convex surface of the Second and ihe 
volume of both. 

Tbe circumference of the base of th^ first i^ eqcu^ to 

27r X 4i = 2 X 3.1416 x 4^ = 26.7036. 

Since the convex surface is equal to the circumference of the 
base multiplied by half the slant height (P. Ill), one-bf^f the 
slant height is equal to the convex sur&ce divided by the cit- 
ctitnfexence of the base, that is, to 

667.59 



26.7036 



= 25 feet. 
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Since one-half of the slant height is 25 feet, the whole slant 
height is 50 feet. 

Since the cones 
Are similar, the trian- 
gles, PQR and ABO, 
formed by their alti- 
tudes, slant heights, 
and radii of bases, 
are aimihur ; hence 
we have 




(JK: 


BO : 


: PR : AO ! 


4t; 


; 6 :: 


50 : AC 1 


! = ? 


X SO 


= 70.588 foet ; 



which is the slant height of the second cone. The circumfer- 
ence of the base of the second cone is 

3tr X 6 = 37.6992, 

and hence its convex snrface ia eqnul to 

^"="'%'<"'-Jgg = 1330.6 nearly. 

In the second place: In the first cone, 
PR = 50, 
and QB = 4.35; 

benco*(B. IV, P. XL 0. 1), 
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PQ' = PK' — QR* = 2500 - 18.0625 = 2481.9375, 

and PQ = \/2481.9375 = 49.82 nearly. 

In like manner, in the second cone, 

AB^ = ACr^ — BC^ = 4982.665744 — 36, 

and AB = \/4946.~6G5744 = 70.33 nearly. 

The area of the base of the first cone is equal to the square of 
4i multiplied by 3.1416 (B. V, P. XV), that is, to 

18.0625 X 3.1416 = 56.75 nearly ; 

tlie area of the base of the second cone is, in like manner, 

equal to 

36 X 3.1416 = 113.0976; 

hence, from (P. V), the volume of the first cone equals 

56.75 X — ^ = 942.4283 cubic feet, 
o 

and the volume of the second cone equals 

113.0976 X — o— = 2651.3847 cubic feet. 

o 

4. — A line 12 feet lonff is revolved about another line as an axis ; 
the distance of one extremity of the line from the axis is 4 feet, and 
of the other extremity 6 feet ; find the area of the surface generated. 

Let AD be the revolving line, and OC the axis about which 
it is revolved. Prom the middle point L, of the line AD, draw 
LK perpendicular to 00, and, therefore, parallel to AO ajjd DC. 
From (P. IV, S.), 
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TTT AO + DO 6 + 4 - 
LK = ^ = —3- = 5. 

The circumferencje generated by the point 
L revolving about OC at the distance KL, 
is equal to 

27rLK = 2 X 3.1416 x 5 = 31.416 

(B. V, P. XVI) ; hence the area of the sur- 
fifcce generated by AD revolving, 00 is 
equal to ^ 

12 X 31.416 = 376.992 square feet (P. IV, S.) ; 

which is the area required. 




5. — Find the convex surface and the volume (^thefrushim of a 
coney the altUude of which is 6 feet, the radius of the lower base 
being 4 feet and that of the upper base 2 feet. 

I Let the figure represent the frustum, 
the convex surface and the volume of which 
are required. From P draw FD perpen- 
dicular to AO; FD is equal to OA, and 
AD is equal to FG (B. I, P. XXVIH, 0. 2); 
hence, FD is equal to 6 feet, and AD is equal to 2 feet ; since 
AO is 4 feet, DO must be equal to 2 feet. In the right-angled 
triangle FDO, 

FO* = FD* + DC* = 36 + 4 = 40; 




hence. 



FO = V40 = 6.32 feet nearly. 
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From K, tke middle point of GF, draw KL ]Mfpendicular to 
AG ; it will be equal to 

AC-f GF 



2 



= 3 feet (P.IV, S); 



hence the circmnference of which LE is the radius is equal to 

2 X 3.1416 x3 ^ 18.84% (B. V, P. XVI). 

The convex surface of the frustum is equal to CF multiplied by 

the circumference generated by the point K (P. IV, S) ; that is, 

equal to 

6.32 X 18.8496 = 119.13 square feet, nearly. 

The volume of the cone which has the circle BC for its base, 
and an altitude equal to AG, is equal to the area of the base BC, 
multiplied by ^ AG (P. V). The area of the circle BC is equal to 
ttAC* (B. V, P. XV), that is, to 

3.1416 X 16 = 50.2656 square feet, 

and hence the volume is equal to 

50.2656 X 2 s2 100.5312. 

In like manner, the volume of the cone which has the circle HF 
for its base, and an altitude equal to AG, is equal to the area of 
the circle HF multiplied by JAG ; that is, 

TT X GF X iAG = 3.1416 X 4 X 2 =r 25.1328. 

A mean proportional between the circles BC and HF is 
equal to the square root of *h«ir product (R II, P. I), that 
is, to 

V5oJ6S6 X 12.aSS4 =f 2^.1328 ; 
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^nd, therefore, the volume of a cone which has for its base a 
mean proportional between the circles BG and HF, and aa alti- 
tude equal to AG, is equal to 

25.1328 X 2 = 50.2656. 

The volume of the frustum is equal to the sum of the vol- 
umes of these three cones (P. VI), that is, to 

100.5312 + ^5.1328 + 50.2656 = 175.9296 cubic feet; 

which is the volume required. 

6. — Find the surface and the volume of the cone of which the 
frustum in the preceding example is a frustum. 

Complete the cone as represented in the 
figure. The triangles EAO and EGP are 
similar fB. IV, P. XXI), and, therefore, 

BA : EG :: AO : GF; 

hence, EA x GF = EG x AC ; 



but 

and 

therefore, 

and 

but 



GF = 2, 

AC = 4, by hypothesis ; 

2EA = 4E6, 

E A = 2EG ; 

EA = EG + GA, 




and, consequently, 2EG = EG + GA, 



and 



EG = GA; 
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but GA is 6 feet, by hypothesis, and EG must then be 6 feet, 
and EA, the altitude of the cone, is 12 feet In the right- 
angled triangle EAC, 

EC^ = Ei? + AC^ (B. IV, P. XI) = 144 + 16 = 160; 



hence EC = V160 = 12.649. 

The circumference of the base is equal to 27rAO (B. V, P. AVI); 
i. e., to 

2 X 3.1416 X 4 = 25.1328; 

heuce the convex surface of the cone equals (P. Ill) 
12.649 X 25.1328 



2 



= 158.95239 square feet ; 



to this add 50.2656, the area of the base BC, as found in the last 
example, and the sum will be 209.21799 square feet; which is 
the area of the surface required. 

The volume of the cone is equal to its base, BC, multiplied 
by one-third i£s altitude (P. V) ; i. 6., to 

50.2656 X ^ = 201.0624 cubic feet; 
which is the volume required. 

H.—A small circle, the radius of which is 4 feet, is S feet fr(m 
the centre of the sphere ; find the drcumfereruce of a great circle of 
the same sphere. 

Let ABD be a sphere, AQP the small circle whose radius 
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OA, is 4 feet, and whose distance from the centre, G, of the 
sphere, is 3 feet. Draw GO perpendicular to the plane of the 
circle, it will meet the plane at the centre, 0, of the circle 
(P. VII, G. 3) ; draw the radius, GA, 
of the sphere ; then in the right-angled 
triangle AOG, 




CA' = GO* + OA^ = 9 + 16 = 26} 

hence GA, the radius of the sphere, 

equals 5, and, therefore, the radius of a 

great circle of the sphere is 5 feet 

(P. VII, G. 1), and the circumference is equal to 2ir x S 

(B. V, P. XVI), that is, to 

2 X 3.1416 X 6 = 31.416 feet; 
which is the circumference required. 

8. — 2he radius of a sphere is 10 feet; find the area of a small 
circle distant from the centre Gfeet. 

The square of the radius of the small circle is equal to the 
square of 10 diminished by the square of 6 (P. VII, 0. 4), 
that is, to 

100 — 36 = 64; 



the area of the circle is (B. V, P. XV) equal to 

64 X 3.1416 = 201.0624 square feet , 



which is the area required* 
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9. — Find the area tfiks ivrfaoe ^neraied by ike Bemiperimetef 
of a regular eemiheaxigoH reuduing ab&tit Us axiSj the radiua ef the 
inscribed eirde being 5^/eei and the aatis 12 feet. 

Th^ circnrnference of the inscribed circle is (B. V, F. XVl) 
equal to 

27r X 5.2 = 2 X 3.1416 x 5.2 = 32.67264, 

and the surface generated by the semiperimeter is (P. IX) 
equal to 

32.67264 x 12 = 392.07168 square feet; 
irbicli is the area required. 

10. — The area of the surface generated by the semiperimeter of a 
regular sernioctagort recobxd cSbout an axisifS^.32 square feet, 
and the radius of the inscribed circle is 3,62 feet / find the axis. 

The circumference of the inscribed circle is equal to 

2 X 3.1416 X 3.62 = 22.745184; 

since the area of the surface generated is equal to the- circum- 
ference of the inscribed circle multiplied by the axis (P. IX), 
the axis must be equal to the area divided by the circumference 
of the inscribed circle, that is, to 

-' ^^»-^^^«= 7.8365 feet; 



22.745184 



"~ which is the axis required. " /'-1 = / ' ./^^vlo ^^„ 
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ll.-^^n is&scel^ triangle, tvhoee base is 8 feet emd H^Uude 9 
feefi, t9 revoked about a line passing ihNmgh He vertex and paraUel 
to its base ; how man^ cubiefeet m ike volume generaied f 

Let ACB be the triangle aTid MJSF the 
litte about which it is revolved ; then 

vol. CAB = AB X 27tOI x iCl (P. XIl) 

that is, vol. CAB = 8 x 2 x 3.1416 x 9 x 3 
= 1357.1712 cubic feet ; 

whi^ is the volume required. 

12. — I%e altitude of a zone is Sfeet, and the radius of the sphere 
is 5 feet ; find the area of the zone and the volume of the correspond- 
ing sphericd sector. 

The circumference of a great circle of the sphere is equal to 

27r x 6 :^ 31.416 (B. V, P. XtT); 

hence the area of the zone is equal t6 

31.416 xS 1= 94.248 sq^ttare feet (P. X, 0. 2)5 

and the volume of the corresponding sector is eq«al to 

94.248 X f i:i 157.08 cttbie feet (P- XIV, tt 1). 

13. — Find the suifdce and thevdvmeofa &phere whose radius 
is Jffeet. 

The surface equals (P* X, C. 1)^ 

47rR3 = 4 X 3.1416 xl6 = 201.0624 square feet, 
and the volume equals (P. XIV), 

. 201.0624 x f< St 268.08a2 eitbii^ feet. 



160 



KEY. 



14. — The radius of a sphere is 5 feet ; how many cubic feet in a 
spherical segment whose altitude is 7 feet and the distance (f lohose 
lower base from the centre of the sphere is Sfset f 

Since the altitude of the segment 
is greater than the radius of the sphere, 
the segment will be situated as repre- 
sented in the figure, and the volume 
required will be equal to the sum of 
the volumes of the sector generated 
by OAB, and the cones generated by 
the triangles OCB and OD A (P. XIV, S.). 

The sector is equal to, (P. XIV, C. 1), 

27rOA X DC X iOA = 2 X 3.1416 x 6 x 7 X 4 

= 366.52 cubic feet ; 

the cone generated by OCB is equal to, (P. V), 




ttBO" X iOC ; 

but, since DC is 7 feet and OD is 3 feet, OC must be 4 feet, and 

BO^ = off — 00^ = 25 — 16 = 9 ; 
therefore, the volume of this cone is equal to 

3.1416 X 9 X i = 37.6992 cubic feet; 
the cone generated by the triangle ODA is equal to 



but 



ttAS* X iOD ; 
AD' = 0? - OD^ = 25 - 9 = 16, 



and the volume of this cone is equal to 
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3.1416 X 16 X i = 50.2656 cubic feet ; 
hence the yolume of the segment is equal to 

366.52 + 37.6992 + 50.2656 = 454.4848 cubic feet; 
which is the volume required. 

15. — A cone such that the diameter of its base is equal to its slant 
height is circumscribed about a f>phere ; show thai the surface of the 
sphere is to the entire surf ace of the conCy including its base, as Ji. is 
to 9y and that the vdumes are in the same ratio. 

Let ACB be a right-angled 
triangle, in which the base 
CB is one-half the hypothe- 
nuse AB, and let CMQ be 
a semicircle tangent to AB 
and CB at M and C ; then if 
the triangle and the semicircle 
be revolved about AC as an 
axis, they will generate the 
cone and the sph^ere required. 
Let E denote the radius OC ; then 




and 



AC = 3R, 

AB = 2R V3 (B. V, E. 12, Key), 



and BC, which equals one-half of AB, is equal to 

Ra/3. 

The convex surface of the cone is equal to the circumference 
described by BC multiplied by ^AB (P. Ill), that is, to 
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2irB0 X iAB ; 

to this add the area of the baee, or 

ttBC* (B. V, P. XV), 

and we have the whole surface equal to 
27rBO X iAB + 7rB(? = 

27r X E Vi X —^ + Tr.3R» = OtrW; 

that is^ the entire surface of the cone is equal 9 great circles of 
the sphere. The surface of the sphere is equal to 4 great circles 
(P. X, C. 1) ; hence the surface of the sphere is to the entire surface 
of the cone as 4 is to 9 ; which was to be proved in the first place. 
The Tolume of the cone is equal to its base multiplied by 
one-third its altitude (P. V), that is, to 

SR 



TtBC^ X \kG = 37rR3 X ^ = i^rRs ; 

o 

the volume of the sphere is equal to 

^ttRs (P. XIV, d 3) ; 

hence the volume of the cone is to the volume of the cone as ^ is 
to ^ or as 4 is to 9 ; which was to he proved in the second place. 

16. — The radius of a sphere is 6 feet ; find the erUire surface and 
the volume of the circumscribing cylinder. 

Let R denote the radius of the sphere, then the entire surface 
of tfae oyiitider is equal to 6TtW, and the volume of the cylinder 
is equal to 2nBf (P. XV), that is, the surfaiee eqtMtls 
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6 X 3.1416 X 36 Bz 678.5856 square feet^ 
and the yolame is equal to 

2 X 3.1416 X 216 = 1357.1712 cubic feet 

17. — A cone, ttnih the diameter of the base and the slant hdght 
equal, is circumscribed about a sphere whose radius is 6 feet ; find 
Oie entire surface and the \jdume of the cone. 

The entire surface of the cone is equal to 9 great circles of 
tile BplMird (£. 15, Key), that ii^ to 

97rR3 = 9 X 3.1416 x 25 = 706.86 square feet ; 

and the volume is equal to SttE* (E. 15, Key), that is, to 

3 X 3.1416 X 125 = 1178.1 cubic feet. 

18. — A cone, with the diameter of the base and the slant height 
equal, and a cylinder, are circumsaibed about a sphere; what rdor 
lion exists between the entire surfaces and the volumes of the cylinder, 
the cone and the sphere ? 

Prom (P. X, C. 1) the surface of the sphere = 47rR«. 

From (P. XV) the entire surface of the cylinder = 67rB,«. 

Prom (E. 15, Key) the entire surface of the cone = 97rR2. 

Hence the surfaces bear to each other the relation expressed 
by the numbers 4, 6, and 9 ; and as 6 is a mean proportional 
between 4 and 9, so is the surface of the cylinder a mean pro- 
portional between the surface of the sphere and the surface of 
the cone. 

In the second place, 
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Prom (P. XIV, C. 2) the volume of the sphere = ^nW. 

Prom (P. XV) the volume of the cylinder = |ttR«. 

Prom (B. 15, Key) the volume of the cone = ^ttRs. 

Hence the volumes bear the same relation to each other as 
the surfaces, that is the volume of the cylinder is a mean propor- 
tional between the volume of the sphere and the volume of the 
cone. 

19. — 2%e edge of a regular octaedron is 10 feet, and the radius of 
fhe inscribed sphere is J^JDSfeel ; find the volume of the octaedron. 

Each face of the octaedron being an equilateral triangle with 
a side of 10 feet, its area is equal to 

100 X .433 = 43.3 square feet (B. IV, E. 15), 

and as there are 8 such faces, the entire surface of the octaedron 
is equal to 

43.3 X 8 = 346.4 square feet; 

the volume is equal to the surface multiplied by one-third of the 
radius of the inscribed sphere (P. XV, S.), that is, to 

346.4 X ^ = 471.104 cubic feet j 
which is the volume required. 



BOOK IX. 



1. — The sidea of a spherical triangle are 80°, 100° , and 110°; 
find the angles of its supplemental triangle, and the angles of eofih cf 
its polar triangles. 

Let ABC be the triangle whose sides 
are gi^ren, and let 

AB = 80% 



and 



BO = 100% 
AC = 110°. 




Draw the supplemental triangle DEF, 
and prolong its sides, making the three other triangles, DFI, 
DEH, and EFG, polar to ABC. Each angle of DEF is equal 
to a semicircumference minus the side lying opposite to it in 
ABO (P. VI), and as a semicircumference contains 180° (see 
Note, p. 92*), the angles of DEF are, respectively, 

180° — 80 \ 

180° — 100°, 

180° --110°; 

or Angle DFE = 100°, 

Angle PDE = 80°, 
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Angle DEF = 70** ; 

which are the angles required. 

In the triangle DFI^ which is a polar triangle of ABC, but 
not supplemental (see P. V, 8^ and P. YI, S.), the angle DIF is 
equal to the angle DEF, because each is 13ie angle formed by 
the semicircumferences EFI and EDI^ and hence 

DIP = 70^ ; 

since the arc DF meets the arc EFI, the sum of the aphcHeal 
angles DFE and DFI is equal to two right angles (P, IV, (X 2), 
and hence DFI is equal to two right angles diminished hy the 
angle DFEf that is, to 

180° — 100** = 80° ; 

in like fminner, the angle FDI is equal to two right angles 
diminished by FDB, or to 

180^* — 80"* = 100*. 

In the triangle HPS» polar but not snpplem^ttl to ABQi 
the angle Q is ^qua) to ti^ angl« DF£> or 100°, m eneh in oon- 
twined by the semicircum^ences FDH and F£S ; an^^ HED 
is equal to two right amgles dimipi^hed by tba mgie DBF, «r to 

180° -. 70° =» 110^ ; 

angle HDE being vertical to angl^ FDI, is equal to it (P. IV, 
C. 2), and hence is equal to 100^. 

In the triangle FGE, polar but not supplemental to ABC, 
the angle G is equal to the angle FDE, being contained by the 
same semicircumferences DEG and DFG» and hence 
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angle GEF being vertical to HJED, i« equal to it (P. IV, C. 2), 
and hence '^ti^i 

angle EFO, being vertic^ to DFI, is ^wjsl to it, and ttierefore 

EFG = 80°. 

2. — Find the area of a trirectangiUar triangle^ on a sphere whose 
diameter is 8 feet. 

ISght trirectangnlar triangles make up the entire surface of 
a sphere (P. XIV, 0. 3) ; therefore, one trirectangular is ^ of the 
mrfyo^ 0( tbe ^ere on whidi it is ^iti^ateijl. The m^rfsm of a 
apbef« i» e^pa} to iifU\ H dmotisg ^ miiw of the ^ere 
(B. VIII, P. X, C. 1), and henoe the area of a trireotanguJar 
triangle is equal to 

l9 <^.ie ftpbei^, B = 4; 

hence the area of the triangle is equal to 

|7r X 16 m S.Uii X ^ c 25.1328 square feet; 
which is the area required. 

3. — Find (he area of a trirectangular triangle, on a sphere whose 
surface and wlume amy he expressed by the same number. 

Let R denote the radius of the sphere. The surface of the 
sphere equals 47rR2 (B. VIII, P. X, C 1), and the volume equals 
t^rB^ (B. Vni, P. XIV, 0, 2), and siwe th^e expren^ions are 
nung^pimy equal by bypK^heiis, wq have 
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from which we have B = 3. 

ft 

The area of a trirectangalar triangle is equal to l^rrB' (K 2, 

Key), t. e,f to 

i X 3.1416 X 9 = 14.1372; 

which is the area required. 

4. — Uie angle of a lune^ on a sphere whose radius is S feeiy is 
^O^f fi^ ^he area of the lune and the volume of the corresponding 
wedge. 

The area of a trirectangular triangle on this sphere is, as 
shown in the preceding example, equal to ^ttB^ (B being the 
radius of the sphere), that is, to 

i X 3.1416 X 25 = 39.27; 

the angle of the lune, in terms of the right angle as a unit, is 
ih or t, and twice the angle is ^ ; therefore, from (P. XV, 
C. 2), the area of the lune is equal to 

39.27 X V^ = 43.633 square feet ; 

which is the area required. 

From (P. XV, S.), the volume of the corresponding wedge 

is equal to 

43.633 X I = 72.72 cubic feet ; 

which is the volume required. 

5. — I%e area of a lune is 33.5104 square fee^y and (he angle 
of the lune is 60"^; find the surface and the volume of the sphere. 
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From (P. XY)^ this lone is to the surface of the sphere as ita 
aogle, or 60^, is to 4 right angles, or 360^ ; that is, as 1 is to 6 ; 
hence the surface of the sphere is 6 times the area of the lune^ or 

33.5104 X 6 = 201.0624 square feet ; 

which is the surface required. 

B being the radius of the sphere, the area of the surface oi 
the sphere is 47rR' (P. VIII, 0. 1) ; therefore, in this case. 



and 



and hence. 



47rR8 = 201.0624, 

^ = 4x3.1416 = ^^' 
E = 4. 



Consequently, the volume of the sphere (B. VIII, P. XFV) ia 

equal to 

201.0624 X i = 268.0832 ; 

which is the yolume required. 

6. — Show that if tvx> spherical triangles on unequd spheres are 
mvtually equiangular, they are sm/Har. 

Let ABC and DEF be 
two spherical triangles on 
the unequal spheres whose 
centres are and P, and 
let them be mutually equi- 
angular ; then will they be 
similar. 

Place the centre P on 
the centre 0, and let the 
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line PD take the direction OA, the point D falling on D', and 
the plane DPE take the direction of and coincide with the 
plane AOB, and the point E will then be somewhere in the 
plane AOB ; then since the spherical angles A and D are equal, 
the diedral angle formed by the planes AOB and AOO, is equal 
to that formed by the planes DPE and DPF (D. 1) ; and as the 
plane DPE is coincident with the plane AOB, the plane DPF 
will take direction of and, as the point is common, be coiu- 
cident with the plane AOC, and the point F will be somewhere 
in the plane AOC. Since the spherical angles B and E are 
equal, the diedral angles formed by the planes AOB and BOO is 
equal to that formed by the planes DPE and EPP ; and as the 
plane DPE takes the direction of and is coincident with the 
plane AOB, the plane EPP must take the direction of and, as 
the point is common, be coincident with the plane BOC, and 
the points E and F will be somewhere in the plane BOC. As E 
is at the same time in the planes AOB and BOC, it must be at 
some point of their intersection, as E' ; and as F is at the same 
time in the planes AOC and BOC, it must be at the same point 
of their intersection, as F' ; and, therefore, the figure P-DFE 
will take the position 0-D'FE'. As the arcs D'F' and AC sub- 
tend the same angle, AOC, at the centre, they are similar and 

we have 

DT' or DF : AC : : OF' : OC (B. V, P. XIII, C. 2); 

for a like reason, F'E' or FE : BC : : OF' : OC ; 

hence (B. II, P. IV), DF : AC : : FE : BC ; 

in like manner, FE : BC : : DE : AB : 

hence, the triangles ABC and DEF are mutually equiangalar by 
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hypothesis, and have their corresponding sides proportional, as 
just shown, and are, therefore, similar ; which was to he proved. 

7. — Show how to circumscribe a circle about a given spfierical 
triangle. 

Let ABO be a spherical triangle. ^^__^ 

At E, the middle point of AB, 
draw ET, the arc of a great circle, 
pei^pendicular to AB ; and at D, the 
middle point of AC, draw DT, the 
arc of a great circle, perpendicular 
to AC ; ET and DT will intersect 
at some point, as T ; since T is on a 
perpendicular to AB at its middle 

point, it is equally distant from A and B (Gen. S. 1, 2°) ; and 
for a like reason T is equally distant from A and C. From T, 
as a pole, at a distance equal to the arc TA of a great circle, 
describe a circle (see P. Ill, S.), it will pass through the three 
vertices A, B, and C, and will circumscribe the triangle ABC ; 
which was to be done. 

CoR. 1. — K the arcs ET and DT be prolonged, they will inter- 
sect in a second point on the surface of the sphere, the two points 
of intersection being the extremities of a diameter of the sphere 
(see B. VIII, P. VII, C. 5). The second point of intersection will 
be the other pole of the circle described from T through the 
vertices A, B, and C (see P. Ill, C. 2), and hence the circle 
described from this second point of intersection as a polo, 
through the vertices A, B, and C, will coincide with the one 
described from T as a pole. 
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8. — Shoto how to iMcribe a evrde in a gwen tpherical 
triangle. 




Let ABC be the triangle. From B, as 
a pole, describe the arc of a great circle, 
EF, included between the sides BA and 
BC, produced if necessary ; EF is the 
measure of the angle B (P. IV). Draw 
BD^ the arc of a great circle, to the mid- 
dle point of the arc EF ; BD bisects the 
angle B, as the two parts, EBD and DBF, 
are each measured by one-half the arc EF. 
In like manner, bisect the angle by the arc, CP, of a great 
circle. From P, the point of intersection of BD and CP, draw 
the arc, PQ, of a great circle perpendicular to BC ; from P, 
draw the arc, PR, of a great circle, making the angle BPE equal 
to the angle BPQ ; then, the triangles BPE and BPQ have the 
angle BPE = angle BPQ, and angle PBE = angle PBQ, by 
construction, and the side BP common, and, hence, the remain- 
ing parts are equal (P. IX) ; i. e., PE = PQ, and angle PEB = 
angle PQB, and, therefore, PEB is a right angler. IVom P draw 
PS, making the angle CPS = angle CPQ ; and, as before, it 
may be shown that PS = PQ, and angle PSC is a right angle ; 
hence, PQ, PE, and PS, are perpendicular respectively to the 
sides of the triangle and are the shortest distances on the surface 
of the sphere from P to those sides ; therefore if the arc PQ be 
turned about the point P as a pole, the point Q will describe a 
circle, EQS, tangent to each of the sides of the triangle and in- 
scribed in it ; which was to be done. 
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9. — Show that the intersection of the surfaces of two ^heres is a 
drde^ and that the line which joins the centres of two intersecting 
spheres is perpendicular to the cirde in which their surfaces intersect. 

Let RQS and TES be 
two circles which intersect 
at the points R and S ; then 
will their centres, and P, 
be in the straight line OP, 
perpendicular to the line 
RS, which joins their points 

of intersection, R and S, at its middle point N" (B. Ill, P. XI). 
Revolve the two circles about the line QT, through a half revo- 
lution ; they will generate two spheres which intersect; E and S 
are the only points common to the circumferences which gener- 
ate the surfaces of the spheres, and hence the only points com- 
mon to the two surfaces must lie in the circumference generated 
by the points R and S moving through the half revolution 
around QT ; which was fa be proved in the first case. 

Since NR = NS in every position through the half revolu- 
tion, N" is the centre of the circumference in which the two 
surfaces intersect ; and since this circumference lies on both 
spheres, the line OP, joining the centres of the two spheres, 
passes through the centre of the circle of intersection, and is, 
therefore, perpendicular to the plane of the circle (B. VIII, 
P. VII, 0. 3) ; which was to le proved in the second case. 

10. — Show that tvoo spherical pyramids of the same or equal 
sphereSy which have symmetrical triangles for bases, are equd in 
volume. 
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Let ABO and DEF be symmet- 
rical triangles situated on a sphere 
whose centre is 0, and let the side 
DE be equal to the side AB, DF 
to AC, and EF to BC ; then will 

the spherical pyramids, ABC-0 and DEF-0, be equal in 
volume. 

For, conceive a small circle to be drawn through A, B, and 
C, and let P be its pale; draw arcs of great circles from P to 
A, B, and 0. Draw the arc of a great circle FQ, making the 
angle DFQ equal to ACP, and lay off on it FQ equal to CP; 
draw arcs of great circles QD and QE. Now, from (P. XVI), 
the triangles QPD and PAC, being isosceles and having all their 
parts equal, may be placed so as to coincide throughout, the 
side FD falling on AC, DQ on CP, and FQ on AP ; hence the 
two pyramids, QFD-0 and PAC-0, may be placed so as to 
coincide throughout and are therefore equal in volume ; in like 
manner, the triangles QFE and PCB, being isosceles and having 
all their parts equal, may be placed so as to coincide throughout, 
and, therefore, the pyramids QFE-0 and PCB-0 may be placed 
so as to coincide throughout, and hence are equal in volume ; 
consequently the sum of the pyramids QFD-0 and QFE-0, or 
the pyramid DFEQ-0, is equal to the sura of the pyramids 
PAC-0 and PCB-0, or the pyramid ACBP-0. Again, in like 
manner as before, from (P. XVI), the triangles QDE and PAB, 
being isosceles and having all their parts equal, may be placed 
so as to coincide throughout, and, consequently, the pyramids 
QDE-0 and PAB-0 may be placed so as to coincide through- 
out, and are, therefore, equal in volume. If, then, from the 
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pyramid DPEQ-0 be taken the pyramid QDB-0, and from the 
pyramid ACBP-0 be taken the pyramid PAB-0, the remain- 
ders, DEF-0 and ABC-0, will be equal in volume. 

If the point P falls within the triangle ABC, the point Q 
will fall within the triangle DEF. In this case the pyramid 
DEF-0 is equal to the sum of the pyramids QFD-0, QFE-0, 
and QDE-0, and the pyramid ABC-0 is equal to the sum of the 
equal pyramids PAC-0, PBC-0, and PAB-0, and the proposi- 
tion holds good : therefore, in either case, the spherical pyra- 
mids having symmetrical triangles for bases are equal in volume ; 
which was to be proved, 

11. — TJie circumferences of two great circles intersect on the 
surface of a hemisphere whose diameter is 10 feet, and the acute 
angle formed by them is 40°; find the sum of the opposite triangles 
thus formed, and the sum of the corresponding spherical pyramids. 

The sum of the opposite triangles formed is equal to a lune 
whose angle is 40"" (P. XVII). The area of the luno is equal to 
^ttIP (the trirectangular triangle) multiplied by f, twice the 
angle of the lune in terms of the right angle taken as a unit 
(see E. 4, Key), that is, to 

i X 3.141G X 25 X I = 34.91 square feet; 

which is the sum of the areas required. 

The sum of the corresponding spherical pyramids is equal to 
the wedge whose angle is 4Sf (P. XVII, S.). The volume of 
the wedge (P. XV, S.) is equal to 

34.91 X I = 58.18 cubic feet ; 

which is the sum of the pyramids required. 
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12. — Shoio that the vdvme of a triangular spherical pyramid is 
equal to its base multiplied by one4hird the radius of the sphere. 

Let 0-ABC be a triangular spherical pyra- 
mid of a sphere whose centre is ; then will 
its volume be equal to the area of the trian- 
gle, ABC, which forms its base, multiplied by 
one-third of R, R denoting the radius of the 
sphere. 

For, produce the sides of the triangle ABC 
till they meet the circumference of the great circle DEF6, 
drawn at pleasure without the triangle ; conceive radii drawn 
from to the points D, E, P, G, H, and I. From (P. XVII, 
S.), the sura of the spherical pyramids 0-AHQ and 0-ADE, 
is equal to the wedge whose angle is A ; but the volume of this 
wedge is equal to 

2A X T X iR (P. XV, C. 2, and S.). 

In like manner, it may be shown that the sum of the pyramids 
0-BFG and 0-BID is equal to 

2B X T X iR, 

and that the sum of the pyramids 0-CIH and 0-CFE is equal to 

2C X T X iR. 

But the sum of the volumes of thede six spherical pyramids 
exceeds the volume of the hemisphere by twice the pyramid 
0-ABC. Now the volume of the hemisphere, being half the 
volume of the sphere, is its equal to its surface, which is half the 
surface of the sphere, multiplied by one^third the radios, or to 
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4T X iR; 
hence we shall have 

a X Vol. 0-ABC = 3AxTxlE + aBxTxiE + 30x 
T xiB-4T xiE; 

or, by redacing and factoring. 

Vol 0-ABC = (A + B + - 2) X T X iE; 

bat (A + B + C — 2) X T 

eqa&ls the area of the tnangle ABO (P. XVIII) ; bencc^ 

Vol. 0-ABO = Area ABO x JB ; 

which was to be proved. 

13. — Show that the volume of any ^herUxd pyramid ie equal 
to Ht base midtiplied by one-third the radius </ the e^tere. 

Let ABCDE-0 be a ^herical pyramid 
of the sphere whose centre ia ; through 
the vertex A and each of the diagonally 
opposite Tertiees, D and C, of the polygon 
ABODE, forming the base of the pyra- 
mid, paea planes which shall also pass 
through the centre ; these planes will 
divide the given pyramid into triangular 
pyramids; the volume of each triangular 
pyramid is equal to its base multiplied by 

one-third the radius of the sphere, aa just shown ; hence the sum 
of the volumes of the triangular pyramids, or the volume of the 
^ven pyramid, is equal to the sum of their bases, or the base of 
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the given pyramid, multiplied by one-third the radius of the 
sphere ; which was to be proved. 

14. — Find the volume of a spherical pyramid whose base is a 
trirectangvlar triangle, the diameter of the sphere being Sfeet. 

The trirectangular triangle being one-eighth the surface of 
the sphere (P. XIV, C. 3), is equal to i of ^rrW (B. VIII, P. X, 
0. 1), that is, to 

^ X 4 X 3.1416 X 16 = 25.1328 square feet ; 

and, from (R 12, Key), the volume of the pyramid is equal to 

25.1328 X i = 33.5104 cubic feet; 

which is the volume required. 

15. — The anyles of a triangle, on a sphere whose radius is dfed^ 
are 100^, 115°, and 120°; find the area of the triangle and the 
volume ofUie corresponding spherical pyramid. 

The sum of the angles of the triangle is 335° ; this sum 
diminished by two right angles, or ISO"*, is 155°, which is the 
spherical excess (P. XIV, S.) ; -yy^ is this spherical excess ex- 
pressed in terms of the right angle as a unit. A trirectangular 
triangle of the sphere is equal to -j^ttR^ (see E. 2, Key), 
that is, to 

i X 3.1416 X 81 = 127.2348; 

hence the area of the triangle is (P. XVIII) equal to 

127.2348 X W = 219.1266 square feet; 

which is the area required. 
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The volume of the corresponding epherical pyramid is (E. 12, 
Key) equal to 

219.1266 X i = 657.3798 cubic feet; 
which is the volume required. 

16. — A spherical pyramid, of a sphere whose diameter is lOfeety 
has for its base a triangle of which the angles are 60°, 80°, and 85°; 
what is its ratio to a pyramid whose base is a trirectangular triangle 
of the same sphere f 

The two pyramids are to each other as their bases (P. XVIII, 
S. 1) ; the spherical excess of the base of the first pyramid is 
(P. XIV, S.) equal to 



60° + 80° + 85° — 180° = 45^ ; 

and this, expressed in terms of the right angle as a unit, is equal 
to 1^, or ^; hence the area of the base of the first pyramid is, if 
T denote a trirectangular triangle of the sphere, equal to |^ x T 
(P. XVIII), the area of the base of the other pyramid is, by 
hypothesis, equal to T ; therefore, the first pyramid is to the 
second as ^T is to T, or as ^ is to 1 ; which is the ratio required. 

17. — The sum of the angles of a regvlar spherical octagon is llJfi°, 
and the radius of the sphere is 12 feet ; find the area qf the octagon. 

The spherical excess of the octagon is (P. XIV, S.) equal to 

1140° diminished by two right angles taken 6 times, or 12 right 

angles, that is, to 

1140° - 1080° = 60° ; 

this expressed in terms of the right angle as a unit, is f^ or | ; 
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A trireotangalar triangle of this sphere is equal to ^tR^^ or to 

I X 3.1416 X 144 = 228.1952; 

and the area of the octagon is (P. XIX) equal to 

228.1952 X I = 152.1301 square feet ; 
which is the area required. 

18. — The volume of a ^herical pyramid, whose base is an eqtii' 
angular triangle, is 84.8232 cubic feel, and the radiiLS qf the sphere 
is 6 feet; find one of the angles of the base. 

The volume of the pyramid is equal to its base multiplied by 

one-third the radius of the sphere (E. 12, Key) ; the base is 

equal to its spherical excess, expressed in terms of the right 

angle taken as a unit, multiplied by the trirectangular triangle 

(P. XVIII) ; the trirectangular triangle, the radius of the sphere 

being B, is equal to ^tiB? (E. 2, Key) ; hence the volume of the 

pyramid is (letting E represent the spherical excess of the base) 

equal to 

E X i^K^ X iB = E X i7rB»; 

therefore, the spherioal excess, or 



,-, __ V olum e of pyramid _ 



84. 8232 



|tB8 "" i X 3.1416 X 216 ■" 4' 

that is, the spherical excess expressed in terms of the right 
angle as a unit, is f , and hence that excess, expressed in degrees, 
is J of 90° = 6'?'^° : therefore, since the spherical excess of a 
triangle is equal to the sum of its angles diminished by two 
right angles, or 180° (P. XIV, S.), the sum of the angles is equal 
to the spherical excess increased by 180°, that is, to 
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67i° + 180° = 247^° ; 
and as the base is an equiangular triangle, each angle is equal to 

247^ _495°_ o. 
-3- - -^ - 82i , 

which is the angle required. 

19. — Oiven a spherical angle of Jfi"^; what is the number of de- 
grees in the longest arc of a great circle that can be drawn perpen- 
dicular to either side of the angle and included between the two 
sidesf 

Since the given angle is acute, its measure, or 40°, is the 
longest arc (Gen. S. 2, 1°). 

20. — Given a spherical angle of 115°; what is the number of 
degrees in the shortest arc of a great circle that can be drawn perpen- 
dicutar to either side of the angle and included between t?ie two 
sidesf 

Since the given angle is obtuse, its measure, or 115°, is the 
shortest arc (Gen. S. 2, 2°). 
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